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�R�X�e�X�k �o���H�B�/���i�B�Q�M ���;���B�M�b�i �F�B�M�2�i�B�+ �b�Q�H�m�i�B�Q�M�b �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�3
�R�X�e�X�j ���M���H�v�i�B�+ �i�B�K�2 �Q�7 �~�B�;�?�i �b�Q�H�m�i�B�Q�M �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�N

�R�X�d �l�b�2 �Q�7 �b�r���`�K �2�t�T�2�`�B�K�2�M�i�b �i�Q�r���`�/�b �H�Q�r�@�i�2�K�T�2�`���i�m�`�2 �T�H���b�K�� �K�Q�/�2�H�B�M�; �X �X �R�N
�R�X�3 �1�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i �/���i�� �B�M �#�B�Q�K�Q�H�2�+�m�H�2�b �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �k�R
�R�X�N �_�2�b�2���`�+�? �;�Q���H�b �Q�7 �i�?�B�b �b�i�m�/�v �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �k�k
�R�X�R�y �a�i�`�m�+�i�m�`�2 �Q�7 �i�?�B�b �/�Q�+�m�K�2�M�i �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �k�j

�k �6�H�m�B�/ �K�Q�/�2�H�B�M�; �Q�7 �2�H�2�+�i�`�Q�M�b �B�M �;���b ���M�/ �H�B�[�m�B�/ �k�8
�k�X�R �*�?���T�i�2�` �A�M�i�`�Q�/�m�+�i�B�Q�M �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �k�8
�k�X�k �h�?�2�Q�`�v �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �k�e

�k�X�k�X�R �6�H�m�B�/ �J�Q�/�2�H�B�M�; �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �k�e
�k�X�k�X�k �6�Q�m�` �J�Q�K�2�M�i �1�H�2�+�i�`�Q�M �6�H�m�B�/ �J�Q�/�2�H �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �k�N
�k�X�k�X�j �P�i�?�2�` �6�H�m�B�/ �J�Q�/�2�H�b �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �j�k

�k�X�j �"�2�M�+�?�K���`�F �_�2�b�m�H�i�b ���M�/ �.�B�b�+�m�b�b�B�Q�M �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �j�9
�k�X�j�X�R �:���b �S�?���b�2 �*�Q�H�H�B�b�B�Q�M �J�Q�/�2�H �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �j�9
�k�X�j�X�k �G�B�[�m�B�/ �S�?���b�2 �J�Q�/�B�}�+���i�B�Q�M �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �j�8
�k�X�j�X�j �A�M�T�m�i �.���i�� �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �j�8
�k�X�j�X�9 �>���i �6�B�2�H�/ �"�2�M�+�?�K���`�F�b �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �9�y
�k�X�j�X�8 �a�T���i�B�Q�i�2�K�T�Q�`���H �S�m�H�b�2 �1�p�Q�H�m�i�B�Q�M �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �9�d
�k�X�j�X�e �.�B�b�i�`�B�#�m�i�B�Q�M �2�z�2�+�i�b ���M�/ �B�K�T�H�B�+���i�B�Q�M�b �7�Q�` �~�m�B�/ �K�Q�/�2�H�B�M�; �X �X �X �X �X �X �8�R

�k�X�9 �*�?���T�i�2�` �a�m�K�K���`�v �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �8�9

�j �.�2�M�b�B�i�v �/�2�T�2�M�/�2�M�+�2 �Q�7 �2�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i �/���i�� �8�e
�j�X�R �*�?���T�i�2�` �A�M�i�`�Q�/�m�+�i�B�Q�M �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �8�e
�j�X�k �h�?�2�Q�`�v �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �8�d

�j�X�k�X�R �J�Q�K�2�M�i �K�Q�/�2�H�B�M�; �7�Q�` �2�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i �B�M �;���b�2�b ���M�/ �H�B�[�m�B�/�b �X �X �8�d
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�:���`�H���M�/�- �L���i�?���M �1�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i �K�Q�/�2�H�B�M�; �B�M �;���b ���M�/ �H�B�[�m�B�/ �K�2�/�B��

�j�X�k�X�k �A�M�i�2�`�7���+�B���H �/�2�M�b�B�i�v �T�`�Q�T�2�`�i�B�2�b �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �e�y
�j�X�k�X�j �a�B�K�T�H�2 �K�Q�/�2�H �7�Q�` �#�2�M�+�?�K���`�F�B�M�; �+�Q�H�H�B�b�B�Q�M�b �B�M �H�B�[�m�B�/�b �X �X �X �X �X �X �X �e�R

�j�X�j ���T�T�`�Q�t�B�K���i�B�M�; �2�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i ���i ���b�b�Q�+�B���i�2�/ �B�M�i�2�`�K�2�/�B���i�2 �/�2�M�b�B�i�B�2�b �X �e�k
�j�X�j�X�R �J�Q�K�2�M�i�m�K �#���H���M�+�2 �K�2�i�?�Q�/ �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �e�j
�j�X�j�X�k �1�M�2�`�;�v �#���H���M�+�2 �K�2�i�?�Q�/ �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �e�e
�j�X�j�X�j �J�Q�/�B�}�2�/ �K�Q�K�2�M�i�m�K �#���H���M�+�2 �K�2�i�?�Q�/ �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �e�3
�j�X�j�X�9 �S�`���+�i�B�+���H �B�K�T�H�2�K�2�M�i���i�B�Q�M �7�Q�` �T�H���b�K�� �K�Q�/�2�H�B�M�; �X �X �X �X �X �X �X �X �X �X �d�k
�j�X�j�X�8 ���T�T�`�Q�t�B�K���i�B�M�; �+�Q�H�H�B�b�B�Q�M �7�`�2�[�m�2�M�+�B�2�b ���+�`�Q�b�b ���M �B�M�i�2�`�7���+�2 �X �X �X �X �X �X �d�j

�j�X�9 ���T�T�H�B�+���i�B�Q�M �i�Q �M�Q�#�H�2 �;���b�@�H�B�[�m�B�/ �b�v�b�i�2�K�b �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �d�9
�j�X�8 �*�?���T�i�2�` �a�m�K�K���`�v �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �d�d

�9 �1�H�2�+�i�`�Q�M �b�r���`�K ���M�/ �b�i�`�2���K�2�` �i�`���M�b�T�Q�`�i ���i �i�?�2 �;���b�@�H�B�[�m�B�/ �B�M�i�2�`�7���+�2 �3�R
�9�X�R �*�?���T�i�2�` �A�M�i�`�Q�/�m�+�i�B�Q�M �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �3�R
�9�X�k �6�H�m�B�/ �K�Q�/�2�H�B�M�; �B�M �;���b�2�b ���M�/ �H�B�[�m�B�/�b �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �3�k

�9�X�k�X�R �6�H�m�B�/ �K�Q�/�2�H�b �7�Q�` �2�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �3�k
�9�X�k�X�k �h�`���M�b�T�Q�`�i �/���i�� �B�M �;���b�2�Q�m�b ���M�/ �H�B�[�m�B�/ ���`�;�Q�M �X �X �X �X �X �X �X �X �X �X �X �X �3�8

�9�X�j �J�Q�/�2�H�B�M�; ���i �i�?�2 �;���b�@�H�B�[�m�B�/ �B�M�i�2�`�7���+�2 �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �3�N
�9�X�j�X�R �.�2�M�b�B�i�v �T�`�Q�}�H�2 �p���`�B���i�B�Q�M�b �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �N�y
�9�X�j�X�k�6�H�m�B�/ �K�Q�/�2�H �B�M�T�m�i �/���i�� �7�Q�` �+�Q�M�i�B�M�m�m�K �K�Q�/�2�H�b �#�2�i�r�2�2�M �;���b ���M�/

�H�B�[�m�B�/ �T�?���b�2�b �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �N�R
�9�X�j�X�j �a�T���+�2�@�+�?���`�;�2 �}�2�H�/ �� �b�T���i�B���H�H�v �p���`�v�B�M�; �T�2�`�K�B�i�i�B�p�B�i�v �X �X �X �X �X �X �X �X �N�k
�9�X�j�X�9 ���+�+�Q�K�K�Q�/���i�B�M�; �b�T���i�B���H �p���`�B���i�B�Q�M �Q�7V0 ���+�`�Q�b�b �i�?�2 �B�M�i�2�`�7���+�2 �X �X �X �N�j

�9�X�9 �L�m�K�2�`�B�+���H �b�Q�H�m�i�B�Q�M �Q�7 �b�v�b�i�2�K �Q�7 �?�v�T�2�`�#�Q�H�B�+ �S�.�1�b �X �X �X �X �X �X �X �X �X �X �X �X �X �N�j
�9�X�8 �_�2�b�m�H�i�b ���M�/ �/�B�b�+�m�b�b�B�Q�M �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �N�9

�9�X�8�X�R �a�B�K�m�H���i�B�Q�M �+�Q�M�/�B�i�B�Q�M�b �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �N�9
�9�X�8�X�k �1�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i �7�`�Q�K �H�B�[�m�B�/ ���`�;�Q�M �B�M�i�Q �;���b�2�Q�m�b ���`�;�Q�M �X �X �X �X �X �N�8
�9�X�8�X�j�1�H�2�+�i�`�Q�M �B�Q�M�B�b���i�B�Q�M �7�`�Q�M�i �i�`���M�b�T�Q�`�i �7�`�Q�K �;���b�2�Q�m�b ���`�;�Q�M �B�M�i�Q �H�B�[�m�B�/

���`�;�Q�M �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�y�k
�9�X�8�X�9 �A�K�T���+�i �Q�7 �b�i�2�T �7�m�M�+�i�B�Q�M �B�M�T�m�i �/���i�� �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�R�y
�9�X�8�X�8 �l�b�2 �Q�7 �;���b �T�?���b�2 �/���i�� �i�Q �b�B�K�m�H���i�2 �H�B�[�m�B�/ �i�`���M�b�T�Q�`�i �X �X �X �X �X �X �X �X �R�R�e

�9�X�e �*�?���T�i�2�` �a�m�K�K���`�v �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�k�R

�8 �a�+���i�i�2�`�B�M�;�- �i�`���M�b�T�Q�`�i�- ���M�/ �b�B�K�m�H���i�B�Q�M �Q�7 �2�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i �B�M �h�>�6 �R�j�y
�8�X�R �*�?���T�i�2�` �A�M�i�`�Q�/�m�+�i�B�Q�M �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�j�y
�8�X�k �+�`�Q�b�b �b�2�+�i�B�Q�M�b �B�M �h�>�6 �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�j�R

�8�X�k�X�R �:�`���M�/ �i�Q�i���H �+�`�Q�b�b �b�2�+�i�B�Q�M �b�2�i �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�j�R
�8�X�k�X�k �1�H���b�i�B�+ �+�`�Q�b�b �b�2�+�i�B�Q�M �b�2�i �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�j�k
�8�X�k�X�j �o�B�#�`���i�B�Q�M���H �2�t�+�B�i���i�B�Q�M ���M�/ �B�Q�M�B�b���i�B�Q�M �+�`�Q�b�b �b�2�+�i�B�Q�M �b�2�i�b �X �X �X �X �X �X �R�j�j
�8�X�k�X�9 �1�H�2�+�i�`�Q�M�B�+�@�b�i���i�2 �2�t�+�B�i���i�B�Q�M �+�`�Q�b�b �b�2�+�i�B�Q�M �b�2�i�b �X �X �X �X �X �X �X �X �X �X �X �X �R�j�8
�8�X�k�X�8 �l�M�F�M�Q�r�M �+�`�Q�b�b �b�2�+�i�B�Q�M�b�, �`�Q�i���i�B�Q�M�b ���M�/ �M�2�m�i�`���H �/�B�b�b�Q�+�B���i�B�Q�M �X �X �X �R�j�e

�8�X�j �h�`���M�b�T�Q�`�i �T�`�Q�T�2�`�i�B�2�b �Q�7 �2�H�2�+�i�`�Q�M�b �B�M �;���b�2�Q�m�b �h�>�6 �X �X �X �X �X �X �X �X �X �X �X �X �X �R�j�d
�8�X�j�X�R �a�r���`�K �i�`���M�b�T�Q�`�i �+�Q�2�{�+�B�2�M�i�b �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�j�3
�8�X�j�X�k �"�Q�H�i�x�K���M�M �2�[�m���i�B�Q�M ���M�/ �B�i�b �b�Q�H�m�i�B�Q�M �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�9�y
�8�X�j�X�j �1�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i �B�M �h�>�6 �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�9�k
�8�X�j�X�9�a�r���`�K �2�t�T�2�`�B�K�2�M�i �+�Q�M�b�B�/�2�`���i�B�Q�M�b �B�M �h�>�6 �m�b�B�M�; �i�?�2 �T�m�H�b�2�/�@

�h�Q�r�M�b�2�M�/ �i�2�+�?�M�B�[�m�2 �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�9�e
�8�X�9 �J�Q�/�B�}�+���i�B�Q�M�b �7�Q�` �i�`���M�b�T�Q�`�i �B�M �H�B�[�m�B�/ �h�>�6 �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�9�e
�8�X�8 �J�Q�/�2�H�B�M�; �Q�7 �2�H�2�+�i�`�Q�M �B�Q�M�B�b���i�B�Q�M �7�`�Q�M�i�b �B�M �;���b�2�Q�m�b ���M�/ �b�i�`�m�+�i�m�`�2�/ �h�>�6 �X �X �R�9�3
�8�X�e �*�?���T�i�2�` �a�m�K�K���`�v �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�8�R

�*�Q�M�i�2�M�i�b �t�B



�:���`�H���M�/�- �L���i�?���M �1�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i �K�Q�/�2�H�B�M�; �B�M �;���b ���M�/ �H�B�[�m�B�/ �K�2�/�B��

�e �*�Q�M�+�H�m�b�B�Q�M �R�8�8
�e�X�R �a�m�K�K���`�v �Q�7 �`�2�b�m�H�i�b �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�8�8
�e�X�k �6�m�i�m�`�2 �`�2�b�2���`�+�? �/�B�`�2�+�i�B�Q�M�b �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�8�e

�_�2�7�2�`�2�M�+�2�b �R�8�3

�� �6�H�m�t�@�+�Q�`�`�2�+�i�2�/ �i�`���M�b�T�Q�`�i �K�2�i�?�Q�/�b �7�Q�` �?�v�T�2�`�#�Q�H�B�+ �S�.�1�b�R�d�8
���X�R �A�M�i�`�Q�/�m�+�i�B�Q�M �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�d�8

���X�R�X�R �6�B�M�B�i�2 �/�B�z�2�`�2�M�+�2 �K�2�i�?�Q�/�b �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�d�e
���X�k �6�H�m�t�@�*�Q�`�`�2�+�i�2�/ �h�`���M�b�T�Q�`�i �b�+�?�2�K�2�b �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�d�e

���X�k�X�R �6�*�h ���H�;�Q�`�B�i�?�K �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�d�d
���X�k�X�k �1�t�T�H�B�+�B�i �p�2�`�b�m�b �B�K�T�H�B�+�B�i �/�B�b�+�`�2�i�B�b���i�B�Q�M �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�d�N
���X�k�X�j �a�T���i�B���H �/�B�b�+�`�2�i�B�b���i�B�Q�M �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�3�y
���X�k�X�9 �h�B�K�2 �/�B�b�+�`�2�i�B�b���i�B�Q�M �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�3�k

���X�j �l�M�B�i �i�2�b�i�B�M�; ���M�/ �p���H�B�/���i�B�Q�M �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�3�k
���X�j�X�R�a�[�m���`�2 �r���p�2 ���/�p�2�+�i�B�Q�M ���M�/ ���/�p�2�+�i�B�Q�M�@�/�B�z�m�b�B�Q�M �Q�7 �� �:���m�b�b�B���M �T�m�H�b�2�R�3�k
���X�j�X�k �a�Q�/�ö�b �b�?�Q�+�F �i�m�#�2 �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�3�8

���X�9 �S�Q�B�b�b�Q�M �2�[�m���i�B�Q�M �b�Q�H�m�i�B�Q�M �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�3�d
���X�8 �h�`�2���i�B�M�; �x�2�`�Q �/�2�M�b�B�i�v �`�2�;�B�Q�M�b �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�3�3
���X�e �a�+���H�B�M�; �p���`�B���#�H�2�b �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�3�3

�*�Q�M�i�2�M�i�b �t�B�B



�/�L�V�W �R�I �)�L�J�X�U�H�V

�R�X�R�1�H�2�+�i�`�Q�M �i�2�K�T�2�`���i�m�`�2 �p�2�`�b�m�b �/�2�M�b�B�i�v �H���M�/�b�+���T�2 �Q�7 �i�v�T�B�+���H �M���i�m�`���H ���M�/
�K���M�@�K���/�2 �T�H���b�K���b �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R

�R�X�k�G�B�;�?�i�M�B�M�; �T�`�Q�T���;���i�B�Q�M �/�2�K�Q�M�b�i�`���i�B�M�; �b�i�`�2���K�2�` �}�H���K�2�M�i�b �#�`���M�+�?�B�M�; �7�`�Q�K
�i�?�2 �H�2���/�2�` �7�`�Q�M�i �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �k

�R�X�j �.�m���H �T�?���b�2 �T���`�i�B�+�H�2 �/�2�i�2�+�i�Q�` �b�+�?�2�K���i�B�+ �/�B���;�`���K�X �X �X �X �X �X �X �X �X �X �X �X �X �X �j
�R�X�9���b ���M �2�t���K�T�H�2 �Q�7 �2�t�T�2�`�B�K�2�M�i���H �T�H���b�K�� �K�2�/�B�+�B�M�2 ���T�T���`���i�m�b �U�G�2�7�i�V ���S�S�C

�T�H���b�K�� �D�2�i �b�Q�m�`�+�2�- ���M�/ �U�_�B�;�?�i�V �F�A�L�S�2�M �T�`�Q�i�Q�i�v�T�2 �T�`�2�b�2�M�i�2�/ �#�v �>�º�M�i�b�+�?
�2�i ���H�X�(�e�) �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �9

�R�X�8�S�H���b�K�� �K�2�/�B�+�B�M�2 �b�+�?�2�K���i�B�+ �/�B���;�`���K �/�2�K�Q�M�b�i�`���i�B�M�; �i�?�2 ���`�`���v �Q�7 �T�?�v�b�B�+���H
�T�`�Q�+�2�b�b�2�b �i�?���i �+���M �Q�+�+�m�` �i�?�`�Q�m�;�?�Q�m�i �� �i�v�T�B�+���H �T�H���b�K�� �K�2�/�B�+�B�M�2 �i�`�2���i�K�2�M�i�9

�R�X�e�a�+�?�2�K���i�B�+ �B�M�i�2�`���+�i�B�Q�M �Q�7 ���M �B�M�+�Q�K�B�M�; �2�H�2�+�i�`�Q�M �r���p�2 �T���+�F�2�i �+�Q�?�2�`�2�M�i�H�v
�b�+���i�i�2�`�B�M�; �7�`�Q�K �K�m�H�i�B�T�H�2 �b�+���i�i�2�`�B�M�; �+�2�M�i�`�2�b�- �B�M�b�i�2���/ �Q�7 �� �}�t�2�/ �+�2�M�i�`�2�- �i�Q
���M �Q�m�i�;�Q�B�M�; �r���p�2 �T���+�F�2�i�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �N

�R�X�d�h�v�T�B�+���H �b�i���i�B�+ �b�i�`�m�+�i�m�`�2 �7���+�i�Q�`�b �7�Q�` �;���b�- �H�B�[�m�B�/�- ���M�/ �b�Q�H�B�/ �U�+�`�v�b�i���H�V �b�i���i�2�b
�Q�7 �K���i�i�2�`�- �r�?�2�`�2d �B�b �i�?�2 �+�`�v�b�i���H �B�M�i�2�`���i�Q�K�B�+ �/�B�b�i���M�+�2�X �X �X �X �X �X �X �X �X �X �X �R�y

�R�X�3 �*�Q�K�T�m�i���i�B�Q�M���H �~�Q�r �/�B���;�`���K �7�Q�` �� �S�A�*�@�J�* �b�+�?�2�K�2�X �X �X �X �X �X �X �X �X �X �X �X �R�k
�R�X�N�a�m�K�K���`�v �Q�7 �i�?�2 �m�H�i�B�K���i�2 �;�Q���H �Q�7 �� �i�B�b�b�m�2 ���M���H�Q�;�m�2 �B�M�T�m�i �/���i�� �7�Q�` �b�B�K�m�@

�H���i�B�Q�M�b �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �k�R

�k�X�R�>�v�/�`�Q�/�v�M���K�B�+ �i�`���M�b�T�Q�`�i �B�M�T�m�i �/���i�� �7�Q�` �;���b ���M�/ �H�B�[�m�B�/ �T�?���b�2 �i�`���M�b�T�Q�`�i
�7�Q�` �+�Q�H�H�B�b�B�Q�M �K�Q�/�2�H �B�M �h���#�H�2 �k�X�R�X�U���V�_�2�/�m�+�2�/ �2�H�2�+�i�`�Q�M �K�Q�#�B�H�B�i�v �+�Q�2�{�+�B�2�M�i�c
�U�#�V�_�2�/�m�+�2�/ �2�H�2�+�i�`�Q�M �H�Q�M�;�B�i�m�/�B�M���H �/�B�z�m�b�B�Q�M �+�Q�2�{�+�B�2�M�i �X �X �X �X �X �X �X �X �X �X �j�e

�k�X�k�1�H�2�+�i�`�Q�M �+�Q�H�H�B�b�B�Q�M �`���i�2 �B�M�T�m�i �/���i�� �7�Q�` �;���b ���M�/ �H�B�[�m�B�/ �T�?���b�2 �i�`���M�b�T�Q�`�i
�7�Q�` �+�Q�H�H�B�b�B�Q�M �K�Q�/�2�H �B�M �h���#�H�2 �k�X�R�X�U���V�1�z�2�+�i�B�p�2 �`�2�/�m�+�2�/ �2�M�2�`�;�v �i�`���M�b�7�2�`
�+�Q�H�H�B�b�B�Q�M �`���i�2�-� e

n0
�c�U�#�V�1�z�2�+�i�B�p�2 �`�2�/�m�+�2�/ �K�Q�K�2�M�i�m�K �i�`���M�b�7�2�`�-� m

n0
�- ���M�/

�2�M�2�`�;�v �~�m�t �i�`���M�b�7�2�`�-� �
n0

�- �+�Q�H�H�B�b�B�Q�M �`���i�2�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �j�d
�k�X�j �>�B�;�?�2�` �Q�`�/�2�` �+�H�Q�b�m�`�2 �B�M�T�m�i �7�Q�` �;���b ���M�/ �H�B�[�m�B�/ �K�2�/�B�� ���+�+�Q�`�/�B�M�; �i�Q �+�Q�H�H�B�b�B�Q�M

�K�Q�/�2�H �B�M �h���#�H�2 �k�X�R�,�U���V�J�Q�K�2�M�i�m�K �#���H���M�+�2 �i�2�`�K�-� �b�b
m �c�U�#�V�2�M�2�`�;�v �~�m�t

�#���H���M�+�2 �i�2�`�K�-� �b�b
� �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �j�N

�k�X�9 �>���i ���M�/ �B�M�p�2�`�b�2 �?���i �}�2�H�/ �#�2�M�+�?�K���`�F �T�`�Q�#�H�2�K �;�2�Q�K�2�i�`�v �X �X �X �X �X �X �X �X �X �9�y
�k�X�8�:���b �T�?���b�2 �?���i �}�2�H�/ �T�2�`�i�m�`�#���i�B�Q�M �#�2�M�+�?�K���`�F ���b �T�2�` �6�B�;�m�`�2 �k�X�9 �r�?�2�`�2

~L �>���h = 30�- �1
n0

= �1 �h�/ : �10 �h�/ : �1 �h�/ �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �9�j
�k�X�e�G�B�[�m�B�/ �T�?���b�2 �?���i �}�2�H�/ �T�2�`�i�m�`�#���i�B�Q�M �#�2�M�+�?�K���`�F ���b �T�2�` �6�B�;�m�`�2 �k�X�9 �r�?�2�`�2

~L �>���h = 50�- �1
n0

= �1 �h�/ : �5 �h�/ : �1 �h�/ �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �9�9
�k�X�d�:���b �T�?���b�2 �B�M�p�2�`�b�2 �?���i �}�2�H�/ �T�2�`�i�m�`�#���i�B�Q�M �#�2�M�+�?�K���`�F ���b �T�2�` �6�B�;�m�`�2 �k�X�9

�r�?�2�`�2~L �>���h = 30�- �1
n0

= �1 �h�/ : �0:1 �h�/ : �1 �h�/ �X �X �X �X �X �X �X �X �X �X �X �X �X �9�e
�k�X�3�G�B�[�m�B�/ �T�?���b�2 �B�M�p�2�`�b�2 �?���i �}�2�H�/ �T�2�`�i�m�`�#���i�B�Q�M �#�2�M�+�?�K���`�F ���b �T�2�` �6�B�;�m�`�2 �k�X�9

�r�?�2�`�2~L �>���h = 50�- �1
n0

= �1 �h�/ : �0:2 �h�/ : �1 �h�/ �X �X �X �X �X �X �X �X �X �X �X �X �X �9�d
�k�X�N�h�`���M�b�B�2�M�i �2�p�Q�H�m�i�B�Q�M �Q�7 �2�H�2�+�i�`�Q�M �/�2�M�b�B�i�v �7�`�Q�K �M���`�`�Q�r �:���m�b�b�B���M �T�m�H�b�2�X �:���b

�T�?���b�2 �K�2�/�B�� ���b �T�2�` �h���#�H�2 �k�X�R �r�B�i�? �#���+�F�;�`�Q�m�M�/�1
n0

= �3 �h�/�X �X �X �X �X �X �X �X �9�N
�k�X�R�y�h�`���M�b�B�2�M�i �2�p�Q�H�m�i�B�Q�M �Q�7 �2�H�2�+�i�`�Q�M �K�2���M �p�2�H�Q�+�B�i�v �7�`�Q�K �M���`�`�Q�r �:���m�b�b�B���M

�T�m�H�b�2�X �:���b �T�?���b�2 �K�2�/�B�� ���b �T�2�` �h���#�H�2 �k�X�R �r�B�i�? �#���+�F�;�`�Q�m�M�/�1
n0

= �3 �h�/�X �X �8�R

�t�B�B�B
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�k�X�R�R�h�`���M�b�B�2�M�i �2�p�Q�H�m�i�B�Q�M �Q�7 �2�H�2�+�i�`�Q�M �K�2���M �2�M�2�`�;�v �7�`�Q�K �M���`�`�Q�r �:���m�b�b�B���M �T�m�H�b�2�X
�:���b �T�?���b�2 �K�2�/�B�� ���b �T�2�` �h���#�H�2 �k�X�R �r�B�i�? �#���+�F�;�`�Q�m�M�/�1

n0
= �3 �h�/�X �X �X �X �X �X �8�k

�k�X�R�k�h�`���M�b�B�2�M�i �K�2���M �2�M�2�`�;�v �2�p�Q�H�m�i�B�Q�M ���it �b���K�T�H�2� 5� e �B�M�/�B�+���i�B�M�; �b���K�T�H�2
�T�Q�B�M�i�b �+�Q�B�M�+�B�/�B�M�; �r�B�i�?h�i �b�b= 0:8337 �2�o �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �8�j

�k�X�R�j�*�Q�K�T���`�B�b�Q�M �Q�7 �i�v�T�B�+���H �2�M�2�`�;�v �/�B�b�i�`�B�#�m�i�B�Q�M �7�m�M�+�i�B�Q�M�b�-U
1
2 f 0 (U)�- �7�Q�` �i�`���M�@

�b�B�2�M�i �?�2���i�B�M�; ���M�/ �+�Q�Q�H�B�M�; �`�2�;�B�K�2�b�X �a�i�2���/�v �b�i���i�2 �/�B�b�i�`�B�#�m�i�B�Q�M ���M�/ �/�`�B�7�i�2�/
�J���t�r�2�H�H�B���M �b�?�Q�r�M �7�Q�` �+�Q�K�T���`�B�b�Q�M�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �8�9

�j�X�R���`�;�Q�M �p���T�Q�`�@�H�B�[�m�B�/ �2�[�m�B�H�B�#�`�B�m�K �B�M�i�2�`�7���+�2 ���b �/�2�i�2�`�K�B�M�2�/ �#�v �K�Q�H�2�+�m�H���`
�/�v�M���K�B�+�b �b�B�K�m�H���i�B�Q�M�b �(�d���N�)�X �G���#�2�H�b�: ���M�/�G�/�2�M�Q�i�2 �/�B�H�m�i�2 �;���b ���M�/
�H�B�[�m�B�/ �2�t�i�`�2�K�B�i�B�2�b �`�2�b�T�2�+�i�B�p�2�H�v�X �G���#�2�H�b�A�R�- �A�k�- �A�j�/�2�M�Q�i�2 �/�2�M�b�B�i�B�2�b ���i
�Q�M�2�@�[�m���`�i�2�`�- �?���H�7�@�r���v�- ���M�/ �i�?�`�2�2�@�[�m���`�i�2�`�b ���H�Q�M�; �i�?�2 �/�2�M�b�B�i�v �i�`���M�b�B�i�B�Q�M
�r�?�B�+�? �r�B�H�H �#�2 �m�b�2�/ �7�Q�` �#�2�M�+�?�K���`�F�B�M�; �B�M �a�2�+�i�B�Q�M �j�X�j�X �X �X �X �X �X �X �X �X �X �X �X �X �e�R

�j�X�k �*�Q�K�T���`�B�b�Q�M �Q�7 �2�H�2�+�i�`�Q�M �/�`�B�7�i �p�2�H�Q�+�B�i�B�2�b �B�M �K�Q�/�2�H �b�B�K�T�H�2 �H�B�[�m�B�/�b �7�Q�`� =
0:1; 0:2; 0:3�X �a�Q�H�B�/ �H�B�M�2�b�, �K�m�H�i�B�@�i�2�`�K �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �"�Q�H�i�x�K���M�M �2�[�m���i�B�Q�M
�(�R�y�)�X �.���b�?�2�/ �H�B�M�2�b�, �+�Q�K�T�m�i�2�/ �p�B�� ���T�T�`�Q�t�B�K���i�B�Q�M�U�j�X�k�8�V�/�2�`�B�p�2�/ �7�`�Q�K
�K�Q�K�2�M�i�m�K �#���H���M�+�2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �e�8

�j�X�j �*�Q�K�T���`�B�b�Q�M �Q�7 �2�H�2�+�i�`�Q�M �/�`�B�7�i �p�2�H�Q�+�B�i�B�2�b �B�M �K�Q�/�2�H �b�B�K�T�H�2 �H�B�[�m�B�/�b �7�Q�`� =
0:1; 0:2; 0:3�X �a�Q�H�B�/ �H�B�M�2�b �@ �K�m�H�i�B�@�i�2�`�K �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �"�Q�H�i�x�K���M�M �2�[�m���i�B�Q�M
�(�R�y�)�X �.���b�?�2�/ �H�B�M�2�b �@ �+�Q�K�T�m�i�2�/ �p�B�� ���T�T�`�Q�t�B�K���i�B�Q�M�U�j�X�k�N�V�/�2�`�B�p�2�/ �7�`�Q�K
�2�M�2�`�;�v �#���H���M�+�2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �e�3

�j�X�9�*�Q�K�T���`�B�b�Q�M �Q�7 ���T�T�`�Q�t�B�K���i�2�/ ���M�;�H�2�@�B�M�i�2�;�`���i�2�/ �b�i�`�m�+�i�m�`�2 �7���+�i�Q�`�b �7�Q�`
�S�2�`�+�m�b�@�u�2�p�B�+�F �K�Q�/�2�H �H�B�[�m�B�/�b�X �a�Q�H�B�/ �H�B�M�2�b �@ �2�t���+�i �p���H�m�2�b �p�B���U�j�X�j�R�V�X
�.���b�?�2�/ �H�B�M�2�b �@ ���T�T�`�Q�t�B�K���i�2�/s �p�B�� �2�[�m���i�B�Q�M�b �U�j�X�j�j�V ���M�/ �U�j�X�j�9�V�X �X �X �X �X �X �d�y

�j�X�8�*�Q�K�T���`�B�b�Q�M �Q�7 �2�H�2�+�i�`�Q�M �/�`�B�7�i �p�2�H�Q�+�B�i�B�2�b �B�M �K�Q�/�2�H �b�B�K�T�H�2 �H�B�[�m�B�/�b �7�Q�`� =
0:1; 0:2; 0:3�X �a�Q�H�B�/ �H�B�M�2�b �@ �K�m�H�i�B�@�i�2�`�K �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �"�Q�H�i�x�K���M�M �2�[�m���i�B�Q�M
�(�R�y�)�X �.���b�?�2�/ �H�B�M�2�b �@ �+�Q�K�T�m�i�2�/ �p�B�� ���T�T�`�Q�t�B�K���i�B�Q�M�U�j�X�j�8�V�/�2�`�B�p�2�/ �7�`�Q�K
�b�i�`�m�+�i�m�`�2 �K�Q�/�B�}�2�/ �K�Q�K�2�M�i�m�K �#���H���M�+�2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �d�R

�j�X�e�*�Q�K�T���`�B�b�Q�M �Q�7 �2�H�2�+�i�`�Q�M �/�`�B�7�i �p�2�H�Q�+�B�i�B�2�b �B�M �K�Q�/�2�H �b�B�K�T�H�2 �H�B�[�m�B�/�b �7�Q�`� =
0:1; 0:2; 0:3�X �a�Q�H�B�/ �H�B�M�2�b �@ �K�m�H�i�B�@�i�2�`�K �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �"�Q�H�i�x�K���M�M �2�[�m���i�B�Q�M
�(�R�y�)�X �.���b�?�2�/ �H�B�M�2�b �@ �+�Q�K�T�m�i�2�/ �p�B�� �i�?�2 �T�`���+�i�B�+���H ���T�T�`�Q�t�B�K���i�B�Q�M �U�j�X�j�e�V�X �X �X �d�j

�j�X�d ���T�T�`�Q�t�B�K���i�2�/�� �K�B�t
m �7�Q�` �K�m�H�i�B�T�H�2 �T���+�F�B�M�; �7�`���+�i�B�Q�M�b �Q�7 �S�2�`�+�m�b �u�2�p�B�+�F �K�Q�/�2�H

�H�B�[�m�B�/�X �a�Q�H�B�/ �H�B�M�2�, �2�t���+�i �p�B�� �K�m�H�i�B�@�i�2�`�K �F�B�M�2�i�B�+ �b�Q�H�m�i�B�Q�M �(�R�y�)�-�� �, ���T�@
�T�`�Q�t�B�K���i�B�Q�M �p�B�� �U�j�X�j�d�V�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �d�9

�j�X�3�1�H�2�+�i�`�Q�M �/�`�B�7�i �p�2�H�Q�+�B�i�v �B�M �H�B�[�m�B�/ ���`�;�Q�M ���i �R�j�y �E�X �S�`�2�b�2�M�i ���T�T�`�Q�t�B�K���i�B�Q�M
�+�Q�K�T�m�i�2�/ �p�B�� �2�[�m���i�B�Q�M�U�j�X�j�3�V�+�Q�K�T���`�2�/ �r�B�i�? �2�t�T�2�`�B�K�2�M�i���H �`�2�b�m�H�i�b �Q�7
�:�m�b�?�+�?�B�M�2�i ���H�X�(�R�R�)�X �_�2�7�2�`�2�M�+�2 �/���i���, �"�Q�v�H�2�2�i ���H�X�(�R�y�- �R�k�)�- �J�B�H�H�2�`�2�i
���H�X�(�R�j�)�- �S���+�F�2�i ���H�X�(�R�9�)�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �d�e

�j�X�N�1�H�2�+�i�`�Q�M �/�`�B�7�i �p�2�H�Q�+�B�i�v �B�M �H�B�[�m�B�/ �t�2�M�Q�M ���i �k�j�y �E�X �S�`�2�b�2�M�i ���T�T�`�Q�t�B�K���i�B�Q�M
�+�Q�K�T�m�i�2�/ �p�B�� �2�[�m���i�B�Q�M�U�j�X�j�3�V�+�Q�K�T���`�2�/ �r�B�i�? �2�t�T�2�`�B�K�2�M�i���H �`�2�b�m�H�i�b �Q�7
�:�m�b�?�+�?�B�M�2�i ���H�X�(�R�R�)�X �_�2�7�2�`�2�M�+�2 �/���i���, �"�Q�v�H�2�2�i ���H�X�(�R�y�- �R�8�)�- �>�m���M�; ���M�/
�6�`�2�2�K���M �(�R�e�)�- �S���+�F�2�i ���H�X�(�R�9�)�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �d�d

�9�X�R�:���b ���M�/ �H�B�[�m�B�/ ���`�;�Q�M �2�H�2�+�i�`�Q�M �b�+���i�i�2�`�B�M�; �+�`�Q�b�b �b�2�+�i�B�Q�M�b �m�i�B�H�B�x�2�/ �B�M �i�?�B�b
�b�i�m�/�v�X �:���b �+�`�Q�b�b �b�2�+�i�B�Q�M �/���i�� �Q�7 �>���v���b�?�B �(�R�d�) �p�B�� �r�r�r�X�H�t�+���i�X�M�2�i�X �G�B�[�m�B�/
�+�`�Q�b�b �b�2�+�i�B�Q�M �/���i�� �Q�7 �"�Q�v�H�2�2�i ���H�X�(�R�k�) ���M�/ �M�2�+�2�b�b���`�v �K�Q�/�B�}�+���i�B�Q�M�b �Q�7
�>���v���b�?�B �b�2�i �/�2�i���B�H�2�/ �B�M �a�2�+�i�B�Q�M �9�X�k�X�k�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �3�d

�G�B�b�i �Q�7 �6�B�;�m�`�2�b �t�B�p
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�9�X�j �A�M�T�m�i �+�Q�H�H�B�b�B�Q�M �`���i�2�b �Q�7 �2�H�2�+�i�`�Q�M�b �B�M ���`�;�Q�M �7�Q�` �K�2���M �2�M�2�`�;�v �/�2�T�2�M�/�2�M�i
�?�B�;�?�2�` �Q�`�/�2�` �~�m�B�/ �K�Q�/�2�H�X �.���b�?�2�/ �H�B�M�2�b �/�2�M�Q�i�2 �;���b �i�`���M�b�T�Q�`�i�- �/�Q�i�i�2�/ �H�B�M�2�b
�/�2�M�Q�i�2 �H�B�[�m�B�/ �i�`���M�b�T�Q�`�i�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �3�N

�9�X�9�A�M�T�m�i �+�H�Q�b�m�`�2 �i�2�`�K�b �7�Q�` �K�2���M �2�M�2�`�;�v �/�2�T�2�M�/�2�M�i �?�B�;�?�2�` �Q�`�/�2�` �~�m�B�/ �K�Q�/�2�H
�7�Q�` �2�H�2�+�i�`�Q�M�b �B�M ���`�;�Q�M�X �U�G�2�7�i ���t�B�b�V �J�Q�K�2�M�i�m�K �#���H���M�+�2 �+�H�Q�b�m�`�2 �i�2�`�K
� m = hvzvz i �X �U�_�B�;�?�i ���t�B�b�V �1�M�2�`�;�v �~�m�t �#���H���M�+�2 �+�H�Q�b�m�`�2 �i�2�`�K� � = hv2vzvz i �X
�.���b�?�2�/ �H�B�M�2�b �/�2�M�Q�i�2 �;���b �i�`���M�b�T�Q�`�i�- �/�Q�i�i�2�/ �H�B�M�2�b �/�2�M�Q�i�2 �H�B�[�m�B�/ �i�`���M�b�T�Q�`�i�X �3�N

�9�X�8�1�[�m�B�H�B�#�`�B�m�K ���`�;�Q�M �p���T�Q�`�@�H�B�[�m�B�/ �B�M�i�2�`�7���+�2 ���b �/�2�i�2�`�K�B�M�2�/ �#�v �K�Q�H�2�+�m�H���`
�/�v�M���K�B�+�b �b�B�K�m�H���i�B�Q�M�b �(�d���N�)�X �h�?�2 �B�M�i�2�`�7���+�2 �i�`���M�b�B�i�B�Q�M �`�2�;�B�Q�M �B�b �K���`�F�2�/
�2�t�T�H�B�+�B�i�H�v�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �N�R

�9�X�e�_�2�/�m�+�2�/ �2�H�2�+�i�`�B�+ �}�2�H�/ �T�`�Q�}�H�2�b �7�Q�` ���T�T�H�B�2�/ ���M�/V0 �+�Q�M�i�`�B�#�m�i�B�Q�M�b �7�Q�` �#�Q�i�?
�b�B�K�m�H���i�B�Q�M �+�Q�M�}�;�m�`���i�B�Q�M�b �T�`�2�b�2�M�i�2�/�X �L�Q�i�2 �i�?���i �x�2�`�Q �B�b �B�M�+�H�m�/�2�/ �Q�M �i�?�2
E /n 0 �H�Q�;���`�B�i�?�K�B�+ ���t�B�b �i�Q �`�2�B�M�7�Q�`�+�2 �i�?�2 �x�2�`�Q �+�Q�M�i�`�B�#�m�i�B�Q�M �p�B�� �i�?�2V0

�T�Q�i�2�M�i�B���H �7���` �7�`�Q�K �i�?�2 �B�M�i�2�`�7���+�2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �N�8
�9�X�d�1�H�2�+�i�`�Q�M �/�2�M�b�B�i�v �2�p�Q�H�m�i�B�Q�M �7�Q�` �9�J�J ���M�/ �G�6�� �K�Q�/�2�H�b ���i �b�?�Q�`�i�- �B�M�i�2�`�K�2�@

�/�B���i�2�- ���M�/ �H�Q�M�;�2�` �i�B�K�2�b ���b �i�?�2 �2�H�2�+�i�`�Q�M �b�r���`�K �T�`�Q�T���;���i�2�b �7�`�Q�K �H�B�[�m�B�/ �i�Q
�;���b�2�Q�m�b ���`�;�Q�M�X �h�Q�T �p�B�2�r�, �J���+�`�Q�b�+�Q�T�B�+ �`�2�b�m�H�i�b�X �"�Q�i�i�Q�K �p�B�2�r�, �1�t�T���M�/�2�/
�p�B�2�r �Q�7 �B�M�i�2�`�7���+�B���H �`�2�b�m�H�i�b�X �A�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M �;�B�p�2�M �#�v �;�`�2�2�M �/�Q�i�i�2�/ �;�`�2�2�M
�H�B�M�2�X �.�B�`�2�+�i�B�Q�M �Q�7 �}�2�H�/�@�/�`�B�p�2�M �T�`�Q�T���;���i�B�Q�M �B�b �7�`�Q�K �H�2�7�i �i�Q �`�B�;�?�i�X �X �X �X �X �X �X �N�e

�9�X�3���p�2�`���;�2 �2�H�2�+�i�`�Q�M �p�2�H�Q�+�B�i�v �7�Q�` �9�J�J ���M�/ �G�6�� �K�Q�/�2�H�b ���i �b�?�Q�`�i�- �B�M�i�2�`�K�2�/�B���i�2�-
���M�/ �H�Q�M�;�2�` �i�B�K�2�b ���b �i�?�2 �2�H�2�+�i�`�Q�M �b�r���`�K �T�`�Q�T���;���i�2�b �7�`�Q�K �H�B�[�m�B�/ �i�Q �;���b�2�Q�m�b
���`�;�Q�M�X �h�Q�T �p�B�2�r�, �J���+�`�Q�b�+�Q�T�B�+ �`�2�b�m�H�i�b�X �"�Q�i�i�Q�K �p�B�2�r�, �1�t�T���M�/�2�/ �p�B�2�r
�Q�7 �B�M�i�2�`�7���+�B���H �`�2�b�m�H�i�b�X �A�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M �;�B�p�2�M �#�v �;�`�2�2�M �/�Q�i�i�2�/ �;�`�2�2�M �H�B�M�2�X
�.�B�`�2�+�i�B�Q�M �Q�7 �}�2�H�/�@�/�`�B�p�2�M �T�`�Q�T���;���i�B�Q�M �B�b �7�`�Q�K �H�2�7�i �i�Q �`�B�;�?�i�X �X �X �X �X �X �X �X �X �N�3

�9�X�N�h�Q�i���HE /n 0 ���M�/ �b�T���+�2�@�+�?���`�;�2 �U�a�X�*�X�V �+�Q�M�i�`�B�#�m�i�B�Q�M �i�QE/n 0 �7�Q�` �9�J�J ���M�/
�G�6�� �K�Q�/�2�H�b ���i �b�?�Q�`�i�- �B�M�i�2�`�K�2�/�B���i�2�- ���M�/ �H�Q�M�;�2�` �i�B�K�2�b ���b �i�?�2 �2�H�2�+�i�`�Q�M
�b�r���`�K �T�`�Q�T���;���i�2�b �7�`�Q�K �H�B�[�m�B�/ �i�Q �;���b�2�Q�m�b ���`�;�Q�M�X �h�Q�T �p�B�2�r�, �J���+�`�Q�b�+�Q�T�B�+
�`�2�b�m�H�i�b�X �"�Q�i�i�Q�K �p�B�2�r�, �1�t�T���M�/�2�/ �p�B�2�r �Q�7 �B�M�i�2�`�7���+�B���H �`�2�b�m�H�i�b�X �X �X �X �X �X �X �X �R�y�y

�9�X�R�y�1�H�2�+�i�`�Q�M �K�2���M �2�M�2�`�;�v �7�Q�` �9�J�J �K�Q�/�2�H ���i �b�?�Q�`�i�- �B�M�i�2�`�K�2�/�B���i�2�- ���M�/ �H�Q�M�;�2�`
�i�B�K�2�b ���b �i�?�2 �2�H�2�+�i�`�Q�M �b�r���`�K �T�`�Q�T���;���i�2�b �7�`�Q�K �H�B�[�m�B�/ �i�Q �;���b�2�Q�m�b ���`�;�Q�M�X �h�Q�T
�p�B�2�r�, �J���+�`�Q�b�+�Q�T�B�+ �`�2�b�m�H�i�b�X �"�Q�i�i�Q�K �p�B�2�r�, �1�t�T���M�/�2�/ �p�B�2�r �Q�7 �B�M�i�2�`�7���+�B���H
�`�2�b�m�H�i�b�X �A�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M �;�B�p�2�M �#�v �;�`�2�2�M �/�Q�i�i�2�/ �;�`�2�2�M �H�B�M�2�X �.�B�`�2�+�i�B�Q�M �Q�7
�}�2�H�/�@�/�`�B�p�2�M �T�`�Q�T���;���i�B�Q�M �B�b �7�`�Q�K �H�2�7�i �i�Q �`�B�;�?�i�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�y�k

�9�X�R�R�1�H�2�+�i�`�Q�M �/�2�M�b�B�i�v �2�p�Q�H�m�i�B�Q�M �7�Q�` �9�J�J ���M�/ �G�6�� �K�Q�/�2�H�b ���i �b�?�Q�`�i�- �B�M�i�2�`�K�2�@
�/�B���i�2�- ���M�/ �H�Q�M�;�2�` �i�B�K�2�b ���b �i�?�2 �2�H�2�+�i�`�Q�M �b�i�`�2���K�2�` �i�B�T �T�`�Q�T���;���i�2�b �7�`�Q�K
�;���b�2�Q�m�b �i�Q �H�B�[�m�B�/ ���`�;�Q�M�X �h�Q�T �p�B�2�r�, �J���+�`�Q�b�+�Q�T�B�+ �`�2�b�m�H�i�b�X �"�Q�i�i�Q�K �p�B�2�r�,
�1�t�T���M�/�2�/ �p�B�2�r �Q�7 �B�M�i�2�`�7���+�B���H �`�2�b�m�H�i�b�X �A�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M �;�B�p�2�M �#�v �;�`�2�2�M
�/�Q�i�i�2�/ �;�`�2�2�M �H�B�M�2�X �.�B�`�2�+�i�B�Q�M �Q�7 �}�2�H�/�@�/�`�B�p�2�M �T�`�Q�T���;���i�B�Q�M �B�b �7�`�Q�K �`�B�;�?�i �i�Q
�H�2�7�i�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�y�9

�9�X�R�k���p�2�`���;�2 �2�H�2�+�i�`�Q�M �p�2�H�Q�+�B�i�v �7�Q�` �9�J�J ���M�/ �G�6�� �K�Q�/�2�H�b ���i �b�?�Q�`�i�- �B�M�i�2�`�K�2�/�B���i�2�-
���M�/ �H�Q�M�;�2�` �i�B�K�2�b ���b �i�?�2 �2�H�2�+�i�`�Q�M �b�i�`�2���K�2�` �i�B�T �T�`�Q�T���;���i�2�b �7�`�Q�K �;���b�2�Q�m�b �i�Q
�H�B�[�m�B�/ ���`�;�Q�M�X �h�Q�T �p�B�2�r�, �J���+�`�Q�b�+�Q�T�B�+ �`�2�b�m�H�i�b�X �"�Q�i�i�Q�K �p�B�2�r�, �1�t�T���M�/�2�/
�p�B�2�r �Q�7 �B�M�i�2�`�7���+�B���H �`�2�b�m�H�i�b�X �A�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M �;�B�p�2�M �#�v �;�`�2�2�M �/�Q�i�i�2�/ �;�`�2�2�M
�H�B�M�2�X �.�B�`�2�+�i�B�Q�M �Q�7 �}�2�H�/�@�/�`�B�p�2�M �T�`�Q�T���;���i�B�Q�M �B�b �7�`�Q�K �`�B�;�?�i �i�Q �H�2�7�i�X �X �X �X �X �X �R�y�e

�G�B�b�i �Q�7 �6�B�;�m�`�2�b �t�p



�:���`�H���M�/�- �L���i�?���M �1�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i �K�Q�/�2�H�B�M�; �B�M �;���b ���M�/ �H�B�[�m�B�/ �K�2�/�B��

�9�X�R�j�h�Q�i���HE /n 0 ���M�/ �b�T���+�2�@�+�?���`�;�2 �U�a�X�*�X�V �+�Q�M�i�`�B�#�m�i�B�Q�M �i�QE/n 0 �7�Q�` �9�J�J ���M�/
�G�6�� �K�Q�/�2�H�b ���i �b�?�Q�`�i�- �B�M�i�2�`�K�2�/�B���i�2�- ���M�/ �H�Q�M�;�2�` �i�B�K�2�b ���b �i�?�2 �2�H�2�+�i�`�Q�M
�b�i�`�2���K�2�` �i�B�T �T�`�Q�T���;���i�2�b �7�`�Q�K �;���b�2�Q�m�b �i�Q �H�B�[�m�B�/ ���`�;�Q�M�X �h�Q�T �p�B�2�r�, �J���+�@
�`�Q�b�+�Q�T�B�+ �`�2�b�m�H�i�b�X �"�Q�i�i�Q�K �p�B�2�r�, �1�t�T���M�/�2�/ �p�B�2�r �Q�7 �B�M�i�2�`�7���+�B���H �`�2�b�m�H�i�b�X
�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�y�3

�9�X�R�9�1�H�2�+�i�`�Q�M �K�2���M �2�M�2�`�;�v �7�Q�` �9�J�J �K�Q�/�2�H ���i �b�?�Q�`�i�- �B�M�i�2�`�K�2�/�B���i�2�- ���M�/ �H�Q�M�;�2�`
�i�B�K�2�b ���b �i�?�2 �2�H�2�+�i�`�Q�M �b�i�`�2���K�2�` �i�B�T �T�`�Q�T���;���i�2�b �7�`�Q�K �;���b�2�Q�m�b �i�Q �H�B�[�m�B�/
���`�;�Q�M�X �h�Q�T �p�B�2�r�, �J���+�`�Q�b�+�Q�T�B�+ �`�2�b�m�H�i�b�X �"�Q�i�i�Q�K �p�B�2�r�, �1�t�T���M�/�2�/ �p�B�2�r
�Q�7 �B�M�i�2�`�7���+�B���H �`�2�b�m�H�i�b�X �A�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M �;�B�p�2�M �#�v �;�`�2�2�M �/�Q�i�i�2�/ �;�`�2�2�M �H�B�M�2�X
�.�B�`�2�+�i�B�Q�M �Q�7 �}�2�H�/�@�/�`�B�p�2�M �T�`�Q�T���;���i�B�Q�M �B�b �7�`�Q�K �`�B�;�?�i �i�Q �H�2�7�i�X �X �X �X �X �X �X �X �X �R�R�y

�9�X�R�8�1�z�2�+�i�b �Q�7�i���M�?�Q�` �b�i�2�T�@�7�m�M�+�i�B�Q�M �B�M�i�2�`�7���+�2 �Q�M �2�H�2�+�i�`�Q�M �/�2�M�b�B�i�v �2�p�Q�H�m�i�B�Q�M
�7�Q�` �9�J�J ���M�/ �G�6�� �K�Q�/�2�H�b ���i �b�?�Q�`�i�- �B�M�i�2�`�K�2�/�B���i�2�- ���M�/ �H�Q�M�;�2�` �i�B�K�2�b ���b
�i�?�2 �2�H�2�+�i�`�Q�M �b�i�`�2���K�2�` �i�B�T �T�`�Q�T���;���i�2�b �7�`�Q�K �;���b�2�Q�m�b �i�Q �H�B�[�m�B�/ ���`�;�Q�M�X �h�Q�T
�p�B�2�r�, �J���+�`�Q�b�+�Q�T�B�+ �`�2�b�m�H�i�b�X �"�Q�i�i�Q�K �p�B�2�r�, �1�t�T���M�/�2�/ �p�B�2�r �Q�7 �B�M�i�2�`�7���+�B���H
�`�2�b�m�H�i�b�X �A�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M �;�B�p�2�M �#�v �;�`�2�2�M �/�Q�i�i�2�/ �;�`�2�2�M �H�B�M�2�X �.�B�`�2�+�i�B�Q�M �Q�7
�}�2�H�/�@�/�`�B�p�2�M �T�`�Q�T���;���i�B�Q�M �B�b �7�`�Q�K �`�B�;�?�i �i�Q �H�2�7�i�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�R�k

�9�X�R�e�1�z�2�+�i�b �Q�7�i���M�?�Q�` �b�i�2�T�@�7�m�M�+�i�B�Q�M �B�M�i�2�`�7���+�2 �Q�M ���p�2�`���;�2 �2�H�2�+�i�`�Q�M �p�2�H�Q�+�B�i�v
�7�Q�` �9�J�J ���M�/ �G�6�� �K�Q�/�2�H�b ���i �b�?�Q�`�i�- �B�M�i�2�`�K�2�/�B���i�2�- ���M�/ �H�Q�M�;�2�` �i�B�K�2�b ���b
�i�?�2 �2�H�2�+�i�`�Q�M �b�i�`�2���K�2�` �i�B�T �T�`�Q�T���;���i�2�b �7�`�Q�K �;���b�2�Q�m�b �i�Q �H�B�[�m�B�/ ���`�;�Q�M�X �h�Q�T
�p�B�2�r�, �J���+�`�Q�b�+�Q�T�B�+ �`�2�b�m�H�i�b�X �"�Q�i�i�Q�K �p�B�2�r�, �1�t�T���M�/�2�/ �p�B�2�r �Q�7 �B�M�i�2�`�7���+�B���H
�`�2�b�m�H�i�b�X �A�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M �;�B�p�2�M �#�v �;�`�2�2�M �/�Q�i�i�2�/ �;�`�2�2�M �H�B�M�2�X �.�B�`�2�+�i�B�Q�M �Q�7
�}�2�H�/�@�/�`�B�p�2�M �T�`�Q�T���;���i�B�Q�M �B�b �7�`�Q�K �`�B�;�?�i �i�Q �H�2�7�i�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�R�9

�9�X�R�d�1�z�2�+�i�b �Q�7�i���M�?�Q�` �b�i�2�T�@�7�m�M�+�i�B�Q�M �B�M�i�2�`�7���+�2 �Q�M �2�H�2�+�i�`�Q�M �K�2���M �2�M�2�`�;�v �7�Q�`
�9�J�J �K�Q�/�2�H ���i �b�?�Q�`�i�- �B�M�i�2�`�K�2�/�B���i�2�- ���M�/ �H�Q�M�;�2�` �i�B�K�2�b ���b �i�?�2 �2�H�2�+�i�`�Q�M
�b�i�`�2���K�2�` �i�B�T �T�`�Q�T���;���i�2�b �7�`�Q�K �;���b�2�Q�m�b �i�Q �H�B�[�m�B�/ ���`�;�Q�M�X �h�Q�T �p�B�2�r�, �J���+�`�Q�@
�b�+�Q�T�B�+ �`�2�b�m�H�i�b�X �"�Q�i�i�Q�K �p�B�2�r�, �1�t�T���M�/�2�/ �p�B�2�r �Q�7 �B�M�i�2�`�7���+�B���H �`�2�b�m�H�i�b�X �A�M�B�i�B���H
�+�Q�M�/�B�i�B�Q�M �;�B�p�2�M �#�v �;�`�2�2�M �/�Q�i�i�2�/ �;�`�2�2�M �H�B�M�2�X �.�B�`�2�+�i�B�Q�M �Q�7 �}�2�H�/�@�/�`�B�p�2�M
�T�`�Q�T���;���i�B�Q�M �B�b �7�`�Q�K �`�B�;�?�i �i�Q �H�2�7�i�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�R�8

�9�X�R�3�1�H�2�+�i�`�Q�M �T�`�Q�T���;���i�B�Q�M �Q�7 �2�H�2�+�i�`�Q�M�b �B�M �� �b�i�`�2���K�2�` �7�`�Q�M�i �r�B�i�?�B�M �H�B�[�m�B�/ ���`�;�Q�M�X
�:�`�2�2�M �/�Q�i�i�2�/ �b�2�`�B�2�b �/�2�M�Q�i�2�b �i�?�2 �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�X �1�p�Q�H�m�i�B�Q�M �Q�p�2�` �i�B�K�2
�/�2�M�Q�i�2�b �K���D�Q�` �/�B�z�2�`�2�M�+�2�b �r�?�2�M �m�b�B�M�; �H�B�[�m�B�/ �/���i���- �+�Q�K�T���`�2�/ �i�Q �b�B�K�T�H�v
�b�+���H�B�M�; �;���b �T�?���b�2 �/���i���X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�R�e

�9�X�R�N�1�H�2�+�i�`�Q�M �/�2�M�b�B�i�v �2�p�Q�H�m�i�B�Q�M �7�Q�` �9�J�J�- �G�6���- ���M�/ �G�6���: �K�Q�/�2�H�b ���i �b�?�Q�`�i�-
�B�M�i�2�`�K�2�/�B���i�2�- ���M�/ �H�Q�M�;�2�` �i�B�K�2�b ���b �i�?�2 �2�H�2�+�i�`�Q�M �b�r���`�K �T�`�Q�T���;���i�2�b �7�`�Q�K
�H�B�[�m�B�/ �i�Q �;���b�2�Q�m�b ���`�;�Q�M�X �h�Q�T �p�B�2�r�, �J���+�`�Q�b�+�Q�T�B�+ �`�2�b�m�H�i�b�X �"�Q�i�i�Q�K �p�B�2�r�,
�1�t�T���M�/�2�/ �p�B�2�r �Q�7 �B�M�i�2�`�7���+�B���H �`�2�b�m�H�i�b�X �A�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M �;�B�p�2�M �#�v �;�`�2�2�M
�/�Q�i�i�2�/ �;�`�2�2�M �H�B�M�2�X �.�B�`�2�+�i�B�Q�M �Q�7 �}�2�H�/�@�/�`�B�p�2�M �T�`�Q�T���;���i�B�Q�M �B�b �7�`�Q�K �H�2�7�i �i�Q
�`�B�;�?�i�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�R�3

�9�X�k�y���p�2�`���;�2 �2�H�2�+�i�`�Q�M �p�2�H�Q�+�B�i�v �7�Q�` �9�J�J�- �G�6���- ���M�/ �G�6���: �K�Q�/�2�H�b ���i �b�?�Q�`�i�-
�B�M�i�2�`�K�2�/�B���i�2�- ���M�/ �H�Q�M�;�2�` �i�B�K�2�b ���b �i�?�2 �2�H�2�+�i�`�Q�M �b�r���`�K �T�`�Q�T���;���i�2�b �7�`�Q�K
�H�B�[�m�B�/ �i�Q �;���b�2�Q�m�b ���`�;�Q�M�X �h�Q�T �p�B�2�r�, �J���+�`�Q�b�+�Q�T�B�+ �`�2�b�m�H�i�b�X �"�Q�i�i�Q�K �p�B�2�r�,
�1�t�T���M�/�2�/ �p�B�2�r �Q�7 �B�M�i�2�`�7���+�B���H �`�2�b�m�H�i�b�X �A�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M �;�B�p�2�M �#�v �;�`�2�2�M
�/�Q�i�i�2�/ �;�`�2�2�M �H�B�M�2�X �.�B�`�2�+�i�B�Q�M �Q�7 �}�2�H�/�@�/�`�B�p�2�M �T�`�Q�T���;���i�B�Q�M �B�b �7�`�Q�K �H�2�7�i �i�Q
�`�B�;�?�i�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�k�y

�9�X�k�R�.�`�B�7�i �p�2�H�Q�+�B�i�v �b�m�`�7���+�2 �Q�7 �2�H�2�+�i�`�Q�M�b �B�M ���`�;�Q�M ���b �� �7�m�M�+�i�B�Q�M �Q�7
E
n0

���M�/n0

�m�b�2�/ �i�Q �B�M�i�2�`�T�Q�H���i�2 �B�M�T�m�i �/���i�� �7�Q�` �G�6�� �K�Q�/�2�H�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�k�9
�9�X�k�k�_�2�/�m�+�2�/ �H�Q�M�;�B�i�m�/�B�M���H �/�B�z�m�b�B�Q�M �+�Q�2�{�+�B�2�M�i�-n0DL �- �b�m�`�7���+�2 �Q�7 �2�H�2�+�i�`�Q�M�b �B�M

���`�;�Q�M �+�Q�K�T�m�i�2�/ �p�B�� �i�?�2 �:�1�_�U�9�X�k�8�V���b �� �7�m�M�+�i�B�Q�M �Q�7
E
n0

���M�/n0 �m�b�2�/ �i�Q

�B�M�i�2�`�T�Q�H���i�2 �B�M�T�m�i �/���i�� �7�Q�` �G�6�� �K�Q�/�2�H�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�k�8

�G�B�b�i �Q�7 �6�B�;�m�`�2�b �t�p�B



�:���`�H���M�/�- �L���i�?���M �1�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i �K�Q�/�2�H�B�M�; �B�M �;���b ���M�/ �H�B�[�m�B�/ �K�2�/�B��

�9�X�k�j�_�2�/�m�+�2�/ �B�Q�M�B�b���i�B�Q�M �+�Q�H�H�B�b�B�Q�M �`���i�2�-� I /n 0�- �b�m�`�7���+�2 �Q�7 �2�H�2�+�i�`�Q�M�b �B�M ���`�;�Q�M

�+�Q�K�T�m�i�2�/ �p�B���U�9�X�k�3�V���b �� �7�m�M�+�i�B�Q�M �Q�7
E
n0

���M�/n0 �m�b�2�/ �i�Q �B�M�i�2�`�T�Q�H���i�2 �B�M�T�m�i

�/���i�� �7�Q�` �G�6�� �K�Q�/�2�H�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�k�e
�9�X�k�9�_�2�/�m�+�2�/ �K�Q�K�2�M�i�m�K �i�`���M�b�7�2�` �+�Q�H�H�B�b�B�Q�M �7�`�2�[�m�2�M�+�v�-

� m

n0
�- �b�m�`�7���+�2 �Q�7 �2�H�2�+�@

�i�`�Q�M�b �B�M ���`�;�Q�M �+�Q�K�T�m�i�2�/ �p�B���U�9�X�k�N�V���b �� �7�m�M�+�i�B�Q�M �Q�7h�i ���M�/n0 �m�b�2�/ �i�Q
�B�M�i�2�`�T�Q�H���i�2 �B�M�T�m�i �/���i�� �7�Q�` �i�?�2 �9�J�J �K�Q�/�2�H�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�k�d

�9�X�k�8�_�2�/�m�+�2�/ �H�m�K�T�2�/ �2�M�2�`�;�v �i�`���M�b�7�2�` �`���i�2�-
S�

n0
�- �b�m�`�7���+�2 �Q�7 �2�H�2�+�i�`�Q�M�b �B�M ���`�;�Q�M

�+�Q�K�T�m�i�2�/ �p�B���U�9�X�j�R�V���b �� �7�m�M�+�i�B�Q�M �Q�7h�i ���M�/n0 �m�b�2�/ �i�Q �B�M�i�2�`�T�Q�H���i�2 �B�M�T�m�i
�/���i�� �7�Q�` �i�?�2 �9�J�J �K�Q�/�2�H�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�k�3

�9�X�k�e�_�2�/�m�+�2�/ �B�Q�M�B�b���i�B�Q�M �+�Q�H�H�B�b�B�Q�M �7�`�2�[�m�2�M�+�v�-
� I

n0
�- �b�m�`�7���+�2 �Q�7 �2�H�2�+�i�`�Q�M�b �B�M ���`�;�Q�M

�+�Q�K�T�m�i�2�/ �p�B���U�9�X�j�k�V���b �� �7�m�M�+�i�B�Q�M �Q�7h�i ���M�/n0 �m�b�2�/ �i�Q �B�M�i�2�`�T�Q�H���i�2 �B�M�T�m�i
�/���i�� �7�Q�` �i�?�2 �9�J�J �K�Q�/�2�H�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�k�N

�8�X�R�S�`�Q�T�Q�b�2�/ �;�`���M�/ �i�Q�i���H �+�`�Q�b�b �b�2�+�i�B�Q�M �7�Q�` �2�H�2�+�i�`�Q�M �b�+���i�i�2�`�B�M�; �B�M �h�>�6�- ���b
�+�Q�K�T���`�2�/ �r�B�i�? �2�t�B�b�i�B�M�; �:�h�*�a �/���i�� �U�J�Q�x�2�D�F�Q�2�i ���H�X�(�R�3�)�c �6�m�b�b�2�i ���H�X�(�R�N�)�c
�w�2�+�+���2�i ���H�X�(�k�y�)�c �*�?�B���`�B�2�i ���H�X�(�k�R�)�c �"���2�F�2�i ���H�X�(�k�k�)�V�X �X �X �X �X �X �X �X �X �X �X �X �R�j�k

�8�X�k�S�`�Q�T�Q�b�2�/ �2�H���b�i�B�+ �A�*�a �7�Q�` �2�H�2�+�i�`�Q�M �b�+���i�i�2�`�B�M�; �B�M �h�>�6�- �+�Q�K�T���`�2�/ �r�B�i�?
�2�t�B�b�i�B�M�; �/���i�� �7�`�Q�K �r�?�B�+�? �i�?�2 �b�2�i �r���b �+�Q�M�b�i�`�m�+�i�2�/ �U�6�m�b�b�2�i ���H�X�(�R�N�- �k�j�)�c
�*�Q�H�v�2�`�2�i ���H�X�(�k�9�)�c �:���m�7�2�i ���H�X�(�k�8�)�c �"���2�F�2�i ���H�X�(�k�k�)�c �.���K�T�+�2�i ���H�X�(�k�e�)�V�X �X �R�j�j

�8�X�j �S�`�Q�T�Q�b�2�/ �2�H���b�i�B�+ �K�Q�K�2�M�i�m�K �i�`���M�b�7�2�` �+�`�Q�b�b �b�2�+�i�B�Q�M �7�Q�` �2�H�2�+�i�`�Q�M �b�+���i�i�2�`�B�M�;
�B�M �h�>�6�- �+�Q�K�T���`�2�/ �r�B�i�? �2�t�B�b�i�B�M�; �/���i�� �7�`�Q�K �r�?�B�+�? �i�?�2 �b�2�i �r���b �+�Q�M�b�i�`�m�+�i�2�/
�U�:���m�7 �(�k�8�)�c �*�Q�H�v�2�` �(�k�9�)�c �"���2�F�2�i ���H�X�(�k�k�)�c �.���K�T�+�2�i ���H�X�(�k�e�)�V�X �X �X �X �X �X �X �X �X �R�j�9

�8�X�9�S�`�Q�T�Q�b�2�/ �p�B�#�`���i�B�Q�M���H �A�*�a �7�Q�` �2�H�2�+�i�`�Q�M �b�+���i�i�2�`�B�M�; �B�M �h�>�6�X �a�2�2 �H�2�;�2�M�/ �7�Q�`
�7�m�`�i�?�2�` �/�2�i���B�H�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�j�8

�8�X�8�*�Q�K�T���`�B�b�Q�M �Q�7 �� �b�m�#�b�2�i �Q�7 �i�?�2 �`�2�+�Q�K�K�2�M�/�2�/ �A�*�a �7�Q�` �2�H�2�+�i�`�Q�M �B�M�/�m�+�2�/
�p�B�#�`���i�B�Q�M���H �T�`�Q�+�2�b�b�2�b �B�M �h�>�6 �(�k�d�)�- �r�B�i�? �i�?�2 �b�m�K�K�2�/ �K�Q�/�2�b �Q�7 �E�?���F�Q�Q
�2�i ���H�X �(�k�3�)�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�j�e

�8�X�e�*�Q�K�T���`�B�b�Q�M �Q�7 �i�?�2 �T�`�Q�T�Q�b�2�/ �B�Q�M�B�b���i�B�Q�M �+�`�Q�b�b �b�2�+�i�B�Q�M�b �7�Q�` �2�H�2�+�i�`�Q�M �b�+���i�@
�i�2�`�B�M�; �B�M �h�>�6 �r�B�i�? �i�?�2 ���p���B�H���#�H�2 �i�?�2�Q�`�2�i�B�+���H �+���H�+�m�H���i�B�Q�M�b �Q�7 �J�Q�x�2�D�F�Q ���M�/
�a���M�+�?�2 �(�k�N�) ���M�/ �.���K�T�+�2�i ���H�X �(�j�y�)�- ���M�/ �i�?�2 �K�2���b�m�`�2�/ �/���i�� �7�`�Q�K �6�m�b�b�2�i
���H�X�(�k�j�)�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�j�d

�8�X�d�S�`�Q�T�Q�b�2�/ �2�H�2�+�i�`�Q�M�B�+ �2�t�+�B�i���i�B�Q�M �A�*�a �7�Q�` �2�H�2�+�i�`�Q�M �b�+���i�i�2�`�B�M�; �7�`�Q�K �h�>�6�- ���b
�/�2�i�2�`�K�B�M�2�/ �m�b�B�M�; �i�?�2 �/���i�� �Q�7 �.�Q�2�i ���H�X �(�j�R�)�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�j�3

�8�X�3�S�`�Q�T�Q�b�2�/ �M�2�m�i�`���H �/�B�b�b�Q�+�B���i�B�Q�M �A�*�a �7�Q�` �h�>�6�- ���b �+�Q�K�T���`�2�/ �r�B�i�? �i�?�2 �2���`�H�B�2�`
�2�b�i�B�K���i�B�Q�M �Q�7 �6�m�b�b�2�i ���H�X �(�R�N�)�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�j�N

�8�X�N�S�`�Q�T�Q�b�2�/ �`�Q�i���i�B�Q�M���H �A�*�a �7�Q�` �2�H�2�+�i�`�Q�M �b�+���i�i�2�`�B�M�; �7�`�Q�K �h�>�6�- ���b �+�Q�K�T���`�2�/
�r�B�i�? �i�?�2 �2�b�i�B�K���i�B�Q�M �Q�7 �6�m�b�b�2�i ���H�X �(�R�N�) ���M�/ �i�?�2 �+���H�+�m�H���i�2�/ �`�2�b�m�H�i �Q�7 �*�?�B���`�B
�2�i ���H�X �(�k�R�)�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�9�y

�8�X�R�y�J�2���M �2�M�2�`�;�v ���M�/ �B�Q�M�B�b���i�B�Q�M �`���i�2 �7�Q�` �2�H�2�+�i�`�Q�M�b �B�M �h�>�6 ���b �� �7�m�M�+�i�B�Q�M �Q�7
�i�?�2 �`�2�/�m�+�2�/ �2�H�2�+�i�`�B�+ �}�2�H�/�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�9�9

�8�X�R�R�"�m�H�F �U�/���b�?�2�/�V ���M�/ �~�m�t �U�b�Q�H�B�/�V �/�`�B�7�i �p�2�H�Q�+�B�i�B�2�b �7�Q�` �2�H�2�+�i�`�Q�M�b �B�M �h�>�6 ���b
�� �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �`�2�/�m�+�2�/ �2�H�2�+�i�`�B�+ �}�2�H�/�X �h�?�2 �B�M�b�2�i �m�b�2�b �� �H�B�M�2���` �b�+���H�2 �i�Q
�2�K�T�?���b�B�x�2 �i�?�2 �/�B�z�2�`�2�M�+�2�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�9�9

�8�X�R�k�_�2�/�m�+�2�/ �i�`���M�b�p�2�`�b�2 ���M�/ �H�Q�M�;�B�i�m�/�B�M���H �~�m�t �/�B�z�m�b�B�Q�M �+�Q�2�{�+�B�2�M�i�b �7�Q�` �2�H�2�+�@
�i�`�Q�M�b �B�M �h�>�6 ���b �� �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �`�2�/�m�+�2�/ �2�H�2�+�i�`�B�+ �}�2�H�/�X �X �X �X �X �X �X �X �X �X �R�9�8

�8�X�R�j�h�r�Q�@�i�2�`�K ���M�/ �K�m�H�i�B�@�i�2�`�K ���T�T�`�Q�t�B�K���i�B�Q�M�b �7�Q�` �i�?�2 �`�2�/�m�+�2�/ �~�m�t �i�`���M�b�p�2�`�b�2
���M�/ �H�Q�M�;�B�i�m�/�B�M���H �/�B�z�m�b�B�Q�M �+�Q�2�{�+�B�2�M�i�b �7�Q�` �2�H�2�+�i�`�Q�M�b �B�M �h�>�6 ���b �� �7�m�M�+�i�B�Q�M
�Q�7 �i�?�2 �`�2�/�m�+�2�/ �2�H�2�+�i�`�B�+ �}�2�H�/�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�9�8

�G�B�b�i �Q�7 �6�B�;�m�`�2�b �t�p�B�B



�:���`�H���M�/�- �L���i�?���M �1�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i �K�Q�/�2�H�B�M�; �B�M �;���b ���M�/ �H�B�[�m�B�/ �K�2�/�B��

�8�X�R�9�a�i���i�B�+ �b�i�`�m�+�i�m�`�2 �7���+�i�Q�` �Q�7 �H�B�[�m�B�/ �h�>�6 ���i ���i�K�Q�b�T�?�2�`�B�+ �+�Q�M�/�B�i�B�Q�M�b �K�2���b�m�`�2�/
�#�v �"�Q�r�`�Q�M�2�i ���H�X�(�j�k�) �+�Q�K�T���`�2�/ �i�Q ���M ���M���H�v�i�B�+ �b�i�`�m�+�i�m�`�2 �7���+�i�Q�` �+�Q�K�T�m�i�2�/
�p�B���U�j�X�R�3�V���b�b�m�K�B�M�; ���M �B�/�2���H ���i�Q�K�B�+ �H�B�[�m�B�/�X �h�?�2 �B�/�2���H �;���b �p���H�m�2 �Q�7
S(�k ) = 1 �B�b �T�H�Q�i�i�2�/ ���b �� �`�2�7�2�`�2�M�+�2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�9�d

�8�X�R�8�A�M�T�m�i �i�`���M�b�T�Q�`�i �/���i�� �Q�7 �2�H�2�+�i�`�Q�M�b �B�M �h�>�6 �7�Q�` �H�Q�+���H�@�}�2�H�/ �/�2�T�2�M�/�2�M�i �2�H�2�+�i�`�Q�M
�~�m�B�/ �K�Q�/�2�H�b�X �U�h�Q�T�@�H�2�7�i�V �.�`�B�7�i �p�2�H�Q�+�B�i�v �p�2�`�b�m�b �`�2�/�m�+�2�/ �}�2�H�/�X �U�h�Q�T�@�`�B�;�?�i�V
�1�H�2�+�i�`�Q�M �K�2���M �2�M�2�`�;�v �p�2�`�b�m�b �`�2�/�m�+�2�/ �}�2�H�/�X �U�"�Q�i�i�Q�K�@�H�2�7�i�V �G�Q�M�;�B�i�m�/�B�M���H
�`�2�/�m�+�2�/ �/�B�z�m�b�B�Q�M �+�Q�2�{�+�B�2�M�i �p�2�`�b�m�b �`�2�/�m�+�2�/ �}�2�H�/�X �U�"�Q�i�i�Q�K�@�`�B�;�?�i�V �_�2�/�m�+�2�/
�B�Q�M�B�b���i�B�Q�M ���M�/ ���i�i���+�?�K�2�M�i �+�Q�H�H�B�b�B�Q�M �`���i�2�b �p�2�`�b�m�b �`�2�/�m�+�2�/ �}�2�H�/�X �X �X �X �X �X �R�9�N

�8�X�R�e�A�M�T�m�i �+�Q�H�H�B�b�B�Q�M �`���i�2�b �Q�7 �2�H�2�+�i�`�Q�M�b �B�M �h�>�6 �7�Q�` �K�2���M �2�M�2�`�;�v �/�2�T�2�M�/�2�M�i
�?�B�;�?�2�` �Q�`�/�2�` �~�m�B�/ �K�Q�/�2�H�X �.���b�?�2�/ �H�B�M�2�b �/�2�M�Q�i�2 �;���b �i�`���M�b�T�Q�`�i�- �/�Q�i�i�2�/ �H�B�M�2�b
�/�2�M�Q�i�2 �H�B�[�m�B�/ �i�`���M�b�T�Q�`�i�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�8�y

�8�X�R�d�A�M�T�m�i �+�H�Q�b�m�`�2 �i�2�`�K�b �7�Q�` �K�2���M �2�M�2�`�;�v �/�2�T�2�M�/�2�M�i �?�B�;�?�2�` �Q�`�/�2�` �~�m�B�/ �K�Q�/�2�H
�7�Q�` �2�H�2�+�i�`�Q�M�b �B�M �h�>�6�X �J�Q�K�2�M�i�m�K �#���H���M�+�2 �+�H�Q�b�m�`�2 �i�2�`�K� m = hvzvz i �X
�1�M�2�`�;�v �~�m�t �#���H���M�+�2 �+�H�Q�b�m�`�2 �i�2�`�K� � = hv2vzvz i �X �.���b�?�2�/ �H�B�M�2�b �/�2�M�Q�i�2 �;���b
�i�`���M�b�T�Q�`�i�- �/�Q�i�i�2�/ �H�B�M�2�b �/�2�M�Q�i�2 �H�B�[�m�B�/ �i�`���M�b�T�Q�`�i�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�8�R

�8�X�R�3 �1�H�2�+�i�`�Q�M �/�2�M�b�B�i�v �T�`�Q�T���;���i�B�Q�M �r�B�i�?�B�M �H�B�[�m�B�/ �h�>�6�X �S�B�M�F �/�Q�i�i�2�/ �b�2�`�B�2�b �/�2�@
�M�Q�i�2�b �i�?�2 �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�X �1�p�Q�H�m�i�B�Q�M �Q�p�2�` �i�B�K�2 �/�2�M�Q�i�2�b �K���D�Q�` �/�B�z�2�`�2�M�+�2�b
�r�?�2�M �m�b�B�M�; �H�B�[�m�B�/ �/���i���- �+�Q�K�T���`�2�/ �i�Q �b�B�K�T�H�v �b�+���H�B�M�; �;���b �T�?���b�2 �/���i���X �X �X �R�8�k

�8�X�R�N�A�Q�M �/�2�M�b�B�i�v �+�`�2���i�2�/ �r�B�i�?�B�M �H�B�[�m�B�/ �h�>�6�X �a�Q�H�B�/ �H�B�M�2�b �/�2�M�Q�i�2n+ �T�`�Q�/�m�+�2�/
�p�B�� �2�H�2�+�i�`�Q�M �B�K�T���+�i �B�Q�M�B�b���i�B�Q�M�X �.���b�?�2�/ �H�B�M�2�b �/�2�M�Q�i�2n� �T�`�Q�/�m�+�2�/ �p�B��
�2�H�2�+�i�`�Q�M ���i�i���+�?�K�2�M�i�X �S�B�M�F �/�Q�i�i�2�/ �b�2�`�B�2�b �/�2�M�Q�i�2�b �i�?�2 �B�M�B�i�B���Hn+ �+�Q�M�/�B�i�B�Q�M�X
�1�p�Q�H�m�i�B�Q�M �Q�p�2�` �i�B�K�2 �/�2�M�Q�i�2�b �K���D�Q�` �/�B�z�2�`�2�M�+�2�b �r�?�2�M �m�b�B�M�; �H�B�[�m�B�/ �/���i���-
�+�Q�K�T���`�2�/ �i�Q �b�B�K�T�H�v �b�+���H�B�M�; �;���b �T�?���b�2 �/���i���X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�8�j

�8�X�k�y�1�p�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �2�H�2�+�i�`�Q�M �K�2���M �p�2�H�Q�+�B�i�v �2�t�T�2�`�B�2�M�+�2�/ �#�v �� �b�i�`�2���K�2�` �7�`�Q�M�i
�r�B�i�?�B�M �H�B�[�m�B�/ �h�>�6�X �S�B�M�F �/�Q�i�i�2�/ �b�2�`�B�2�b �/�2�M�Q�i�2�b �i�?�2 �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�X
�1�p�Q�H�m�i�B�Q�M �Q�p�2�` �i�B�K�2 �/�2�M�Q�i�2�b �K���D�Q�` �/�B�z�2�`�2�M�+�2�b �r�?�2�M �m�b�B�M�; �H�B�[�m�B�/ �/���i���-
�+�Q�K�T���`�2�/ �i�Q �b�B�K�T�H�v �b�+���H�B�M�; �;���b �T�?���b�2 �/���i���X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�8�j

�8�X�k�R�1�p�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �`�2�/�m�+�2�/ �2�H�2�+�i�`�B�+ �}�2�H�/ �2�t�T�2�`�B�2�M�+�2�/ �#�v �� �b�i�`�2���K�2�` �7�`�Q�M�i
�r�B�i�?�B�M �H�B�[�m�B�/ �h�>�6�X �S�B�M�F �/�Q�i�i�2�/ �b�2�`�B�2�b �/�2�M�Q�i�2�b �i�?�2 �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�X
�1�p�Q�H�m�i�B�Q�M �Q�p�2�` �i�B�K�2 �/�2�M�Q�i�2�b �K���D�Q�` �/�B�z�2�`�2�M�+�2�b �r�?�2�M �m�b�B�M�; �H�B�[�m�B�/ �/���i���-
�+�Q�K�T���`�2�/ �i�Q �b�B�K�T�H�v �b�+���H�B�M�; �;���b �T�?���b�2 �/���i���X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�8�9

���X�R �a�T���i�B���H �/�B�b�+�`�2�i�B�b���i�B�Q�M �b�+�?�2�K�2 �2�K�T�H�Q�v�2�/ �7�Q�` �6�*�h �X �X �X �X �X �X �X �X �X �X �X �X �X �R�d�d
���X�k �1�t���K�T�H�2�b �Q�7 �~�m�t �H�B�K�B�i�B�M�; �Q�m�i�+�Q�K�2�b ���b �T�2�` �i�?�2 �"�Q�`�B�b�@�"�Q�Q�F �H�B�K�B�i�2�`�X �1�p���H�@

�m���i�B�M�; �+���b�2�b �� ���M�/ �* �r�B�i�?�U���X�8�V���H�H�Q�r�b �� �H�B�K�B�i�2�/ �~�m�t �i�Q �#�2 ���T�T�H�B�2�/�- ���b
�M�Q�M�@�x�2�`�Q �p���H�m�2�b ���`�2 �T�`�Q�/�m�+�2�/ �#�v �i�?�2 �K�B�M�@�K���t �Q�T�2�`���i�Q�`�X �*���b�2�b �" ���M�/ �.
�T�`�Q�/�m�+�2 �� �+���M�+�2�H�H�2�/ �x�2�`�Q �~�m�t ���b �i�?�2 �b�B�;�M�b �Q�7 ���/�D���+�2�M�i �;�`���/�B�2�M�i�b �/�Q �M�Q�i
���;�`�2�2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�d�N

���X�j �o���`�B���#�H�2 �b�T���i�B���H �;�`�B�/ �B�K�T�H�2�K�2�M�i�2�/ �7�Q�` �� �i�v�T�B�+���H �H�B�[�m�B�/ �i�Q �;���b �2�H�2�+�i�`�Q�M
�i�`���M�b�T�Q�`�i �b�B�K�m�H���i�B�Q�M �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�3�R

���X�9 �a�B�K�T�H�B�}�2�/ �b�+�?�2�K���i�B�+ �Q�7 �� �i�B�K�2 �Q�7 �~�B�;�?�i �2�t�T�2�`�B�K�2�M�i �X �X �X �X �X �X �X �X �X �X �X �X �R�3�j
���X�8�1�t���K�T�H�2 �m�M�B�i �i�2�b�i �`�2�b�m�H�i�b �7�Q�`�, �U�i�Q�T�V �� �R�b�i �Q�`�/�2�` �m�T�r�B�M�/ �b�T���i�B���H �/�B�b�+�`�2�i�@

�B�b���i�B�Q�M�- �U�#�Q�i�i�Q�K�V �� �6�*�h �b�Q�H�m�i�B�Q�M �r�?�2�`�2 �9�i�? �Q�`�/�2�` �+�2�M�i�`���H �/�B�z�2�`�2�M�+�2�b ���`�2
�H�B�K�B�i�2�/ �#�v �� �R�b�i �Q�`�/�2�` �m�T�r�B�M�/ �b�+�?�2�K�2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�3�9

���X�e�L�m�K�2�`�B�+���H �2�`�`�Q�` ���M�/ �+�Q�M�b�2�`�p���i�B�Q�M �+�Q�m�M�i �Q�7 �U�i�Q�T�V �� �R�b�i �Q�`�/�2�` �m�T�r�B�M�/
�b�T���i�B���H �/�B�b�+�`�2�i�B�b���i�B�Q�M�- �U�#�Q�i�i�Q�K�V �� �6�*�h �b�Q�H�m�i�B�Q�M �r�?�2�`�2 �9�i�? �Q�`�/�2�` �+�2�M�i�`���H
�/�B�z�2�`�2�M�+�2�b ���`�2 �H�B�K�B�i�2�/ �#�v �� �R�b�i �Q�`�/�2�` �m�T�r�B�M�/ �b�+�?�2�K�2�X �X �X �X �X �X �X �X �X �X �X �R�3�8

���X�d�a�Q�/�ö�b �b�?�Q�+�F �i�m�#�2 �b�Q�H�m�i�B�Q�M�b �7�Q�`�, �U�i�Q�T�V �� �R�b�i �Q�`�/�2�` �m�T�r�B�M�/ �b�T���i�B���H �/�B�b�+�`�2�i�@
�B�b���i�B�Q�M�- �U�#�Q�i�i�Q�K�V �� �6�*�h �b�Q�H�m�i�B�Q�M �r�?�2�`�2 �9�i�? �Q�`�/�2�` �+�2�M�i�`���H �/�B�z�2�`�2�M�+�2�b ���`�2
�H�B�K�B�i�2�/ �#�v �� �R�b�i �Q�`�/�2�` �m�T�r�B�M�/ �b�+�?�2�K�2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�3�d

�G�B�b�i �Q�7 �6�B�;�m�`�2�b �t�p�B�B�B



1
�–�Q�W�U�R�G�X�F�W�L�R�Q

������ �6�F�R�S�H�� �P�R�W�L�Y�D�W�L�R�Q�� �D�Q�G �D�S�S�O�L�F�D�W�L�R�Q�V

�G�Q�r �i�2�K�T�2�`���i�m�`�2�- �M�Q�M�@�2�[�m�B�H�B�#�`�B�m�K �T�H���b�K���b ���`�2 �;�2�M�2�`���H�H�v �/�2�}�M�2�/ �r�?�2�`�2 �i�v�T�B�+���H �2�H�2�+�i�`�Q�M

�i�2�K�T�2�`���i�m�`�2�b�-Te�- ���`�2 �K�m�+�? �?�B�;�?�2�` �i�?���M �2�[�m�B�H�B�#�`�B�m�K �B�Q�M�-Ti �- ���M�/ �#���+�F�;�`�Q�m�M�/ �M�2�m�i�`���H

�b�T�2�+�B�2�b �i�2�K�T�2�`���i�m�`�2�b�-T0 �(�j�j�)�X �h�v�T�B�+���H �T�H���b�K�� �M�2�m�i�`���H �/�2�M�b�B�i�B�2�b�-n0�- ���`�2 �Q�M �i�?�2 �Q�`�/�2�` �Q�7

1024 �K�3 �- ���M�/ �B�Q�M�B�b���i�B�Q�M �`���i�2�b ���`�2 �i�v�T�B�+���H�H�v� 1�W �(�j�j�- �j�9�)�X �a�Q�K�2 �r�2�H�H �F�M�Q�r�M �2�t���K�T�H�2�b

�Q�7 �M���i�m�`���H ���M�/ �K���M�@�K���/�2 �T�H���b�K���b ���`�2 �b�?�Q�r�M �B�M �6�B�;�m�`�2 �R�X�R�- �r�?�2�`�2 �i�?�2 �b�+�Q�T�2 �Q�7 �H�Q�r�@

�i�2�K�T�2�`���i�m�`�2 �T�H���b�K�� �2�H�2�+�i�`�Q�M �i�2�K�T�2�`���i�m�`�2�b ���M�/ �/�2�M�b�B�i�B�2�b�-ne�- ���`�2 �/�2�M�Q�i�2�/�X

ne [m
-3]

Te [eV]

10-2

100

102

104

106

105 1010 1015 1020 1025 1030 1035

flamesinterstellar
plasmas

relativistic
plasmas

solar
center

gas discharges

fusion
reactor

arcs
etching
plasmas

solar
wind

tokamaks

supernova

Scope of low-temperature
plasmas

�6�B�;�m�`�2 �R�X�R�, �1�H�2�+�i�`�Q�M �i�2�K�T�2�`���i�m�`�2 �p�2�`�b�m�b �/�2�M�b�B�i�v �H���M�/�b�+���T�2 �Q�7 �i�v�T�B�+���H �M���i�m�`���H ���M�/
�K���M�@�K���/�2 �T�H���b�K���b

�6�Q�` �/�2�+���/�2�b �i�?�2 �m�b�2 �Q�7 �H�Q�r�@�i�2�K�T�2�`���i�m�`�2 �T�H���b�K�� �T�`�Q�+�2�b�b�2�b �?���b ���H�H�Q�r�2�/ �K�Q�/�2�`�M �b�Q�+�B�2�i�v

�R



�:���`�H���M�/�- �L���i�?���M �1�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i �K�Q�/�2�H�B�M�; �B�M �;���b ���M�/ �H�B�[�m�B�/ �K�2�/�B��

�i�Q �T�`�Q�b�T�2�`�- �T�`�B�K���`�B�H�v �i�?�`�Q�m�;�? �i�?�2 ���T�T�H�B�+���i�B�Q�M �Q�7 �K�B�+�`�Q�2�H�2�+�i�`�Q�M�B�+ �/�2�p�B�+�2 �K���M�m�7���+�i�m�`�B�M�;�X

���H�Q�M�;�b�B�/�2 �Q�i�?�2�` �K���M�m�7���+�i�m�`�B�M�; �K�2�i�?�Q�/�b�- �b�m�+�? ���b �r�2�i �+�?�2�K�B�+���H �2�i�+�?�B�M�; �Q�` �H�B�i�?�Q�;�`���T�?�B�+

�K�2�i�?�Q�/�b�- �T�H���b�K�� �2�i�+�?�B�M�; �Q�7 �b�B�H�B�+�Q�M�- �Q�t�B�/�2�b�- ���M�/ �K�2�i���H �b�m�#�b�i�`���i�2�b �7�Q�`�K�b �� �p�B�i���H �b�i�2�T �B�M

�i�?�2 �K���M�m�7���+�i�m�`�B�M�; �T�`�Q�+�2�b�b �Q�7 �+�Q�K�T�H�B�+���i�2�/ �K�B�+�`�Q�2�H�2�+�i�`�Q�M�B�+ �/�2�p�B�+�2�b �i�?���i �?���p�2 �7�Q�`�K�2�/ �i�?�2

�7�Q�m�M�/���i�B�Q�M �Q�7 �i�?�2 �i�2�+�?�M�Q�H�Q�;�B�+���H �`�2�p�Q�H�m�i�B�Q�M�X �A�M ���/�/�B�i�B�Q�M �i�Q �?�B�;�?�H�v �T�`�Q�}�i���#�H�2 ���T�T�H�B�+���i�B�Q�M�b�-

�b�m�+�? ���b �K�B�+�`�Q�2�H�2�+�i�`�Q�M�B�+ �+�B�`�+�m�B�i �K���M�m�7���+�i�m�`�2�- �H�Q�r�@�i�2�K�T�2�`���i�m�`�2 �T�H���b�K�� �/�B�b�+�?���`�;�2�b ���`�2

�+�Q�K�K�Q�M�H�v �7�Q�m�M�/ �B�M �M���i�m�`�2 �r�?�2�M �H�B�;�?�i�M�B�M�; �7�Q�`�K�b ���M�/ �T�`�Q�T���;���i�2�b �i�?�`�Q�m�;�? �i�?�2 ���i�K�Q�b�T�?�2�`�2

���b �Q�m�i�H�B�M�2�/ �B�M �6�B�;�m�`�2 �R�X�k�X

Leader
channel

Streamer
filaments

Branching

�6�B�;�m�`�2 �R�X�k�, �G�B�;�?�i�M�B�M�; �T�`�Q�T���;���i�B�Q�M �/�2�K�Q�M�b�i�`���i�B�M�; �b�i�`�2���K�2�` �}�H���K�2�M�i�b �#�`���M�+�?�B�M�; �7�`�Q�K
�i�?�2 �H�2���/�2�` �7�`�Q�M�i

�A�M �i�?�2�b�2 �/�B�b�+�?���`�;�2�b�- �7�Q�H�H�Q�r�B�M�; ���M �B�M�B�i�B���H �b�2�2�/ �B�Q�M�B�b���i�B�Q�M �2�p�2�M�i�- �b�m�+�? ���b �� �b�T���`�F�- �i�?�2

�?�B�;�? �2�M�2�`�;�v �b�i�`�2���K�2�` �i�B�T �U�H�2���/�2�`�V �T�`�Q�T���;���i�2�b �i�?�`�Q�m�;�? �b�T���+�2 �+�`�2���i�B�M�; �7�m�`�i�?�2�` �2�H�2�+�i�`�Q�M�f�B�Q�M

�T���B�`�b ���i �i�?�2 �7�`�Q�M�i �Q�7 �i�?�2 �/�B�b�+�?���`�;�2�X �A�M �/�Q�B�M�; �b�Q�- �i�?�2 �M�2�r�H�v �+�`�2���i�2�/ �+�?���`�;�2�/ �T���`�i�B�+�H�2�b

�`�2�M�/�2�` �i�?�2 �b�T���+�2 �#�2�?�B�M�/ �i�?�2 �T�`�Q�T���;���i�B�M�; �b�i�`�2���K�2�` �7�`�Q�M�i �2�H�2�+�i�`�B�+���H�H�v �M�2�m�i�`���H�X ���b �i�?�2 �7�`�Q�M�i

�T�`�Q�;�`�2�b�b�2�b�- ���M�/ �7�m�`�i�?�2�` �B�Q�M�B�b���i�B�Q�M �2�p�2�M�i�b �Q�+�+�m�`�- �`���T�B�/�H�v �K�Q�p�B�M�; �2�H�2�+�i�`�Q�M�b �+���M �#�`���M�+�?

�B�M�i�Q �2�b�b�2�M�i�B���H�H�v �p���+���M�i �`�2�;�B�Q�M�b �Q�7 �b�T���+�2 ���M�/ �+�Q�M�i�B�M�m�2 �T�`�Q�T���;���i�B�Q�M �Q�7 �i�?�2 �/�B�b�+�?���`�;�2 �p�B��

�i�`���M�b�B�2�M�i �}�H���K�2�M�i �#�`���M�+�?�2�b�X

�.�2�b�T�B�i�2 �K���b�b�B�p�2�H�v �/�B�z�2�`�2�M�i �H�2�M�;�i�? �b�+���H�2�b�- �#�Q�i�? �H�B�;�?�i�M�B�M�; ���M�/ �H���#�Q�`���i�Q�`�v �Q�` �B�M�/�m�b�i�`�B���H

�H�Q�r�@�i�2�K�T�2�`���i�m�`�2 �T�H���b�K�� �/�B�b�+�?���`�;�2�b ���`�2 �;�Q�p�2�`�M�2�/ �#�v �i�?�2 �b���K�2 �m�M�/�2�`�H�v�B�M�; �T�?�v�b�B�+�b�X �a�Q�K�2

�T�`�2�b�2�M�i �B�M�/�m�b�i�`�B���H ���T�T�H�B�+���i�B�Q�M�b �Q�7 �i�?�2�b�2 �/�B�b�+�?���`�;�2�b ���`�2 �B�M ���B�` �T�m�`�B�}�+���i�B�Q�M �Q�` �Q�x�Q�M�2

�;�2�M�2�`���i�B�Q�M�- �r�?�2�`�2 �?�B�;�? �2�M�2�`�;�v �2�H�2�+�i�`�Q�M�b ���`�2 �m�b�2�/ �i�Q �B�M�B�i�B���i�2 �i�?�2 �/�2�b�B�`�2�/ �+�?�2�K�B�+���H

�`�2���+�i�B�Q�M�b �r�B�i�?�Q�m�i �?���p�B�M�; �i�Q �2�t�T�2�M�/ �� �;�`�2���i �/�2���H �Q�7 �2�M�2�`�;�v �i�?���i �r�Q�m�H�/ �M�Q�`�K���H�H�v �#�2

�`�2�[�m�B�`�2�/ �i�Q �?�2���i �m�T �i�?�2 �2�M�i�B�`�2 �#�Q�/�v �Q�7 �;���b �(�j�8���j�d�)�X �� �7�m�`�i�?�2�` �m�b�2 �Q�7 �b�i�`�2���K�2�` �/�B�b�+�?���`�;�2�b

�B�b �B�M �i�?�2 �;�2�M�2�`���i�B�Q�M �Q�7 �b�Q �+���H�H�2�/ �ó�T�H���b�K�� �#�m�H�H�2�i�b�ô�- �r�?�B�+�? ���`�2 �T�`�2�b�2�M�i�H�v �}�M�/�B�M�; ���T�T�H�B�+���i�B�Q�M

�B�M �K�2�/�B�+���H �i�`�2���i�K�2�M�i�b�X

�q�?�B�H�2 �i�?�2 �T�`�2�p�B�Q�m�b�H�v �/�B�b�+�m�b�b�2�/ ���T�T�H�B�+���i�B�Q�M�b �?���p�2 �7�Q�+�m�b�2�/ �Q�M �;���b �T�?���b�2 ���T�T�H�B�+���i�B�Q�M�b�-

�i�?�2�`�2 ���`�2 �b�Q�K�2 ���T�T�H�B�+���i�B�Q�M�b �i�?���i �2�K�T�H�Q�v �;���b�@�H�B�[�m�B�/ �B�M�i�2�`�7���+�B���H �i�`���M�b�T�Q�`�i �i�Q �2�t�T�H�Q�B�i �i�?�2

�/�B�z�2�`�2�M�+�2�b �B�M �H�B�[�m�B�/ �T�?���b�2 �i�`���M�b�T�Q�`�i �+�Q�K�T���`�2�/ �i�Q �;���b �T�?���b�2�X �G�B�[�m�B�/ �T�?���b�2 �T���`�i�B�+�H�2

�/�2�i�2�+�i�Q�`�b ���`�2 �Q�M�2 �b�m�+�? ���T�T�H�B�+���i�B�Q�M�- ���M�/ �i�?�2�v ���`�2 �m�b�2�/ �i�Q �/�2�i�2�+�i �B�Q�M�B�b���i�B�Q�M �2�p�2�M�i�b �B�M

�*�?���T�i�2�` �R�X �A�M�i�`�Q�/�m�+�i�B�Q�M �k



�:���`�H���M�/�- �L���i�?���M �1�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i �K�Q�/�2�H�B�M�; �B�M �;���b ���M�/ �H�B�[�m�B�/ �K�2�/�B��

�/�2�M�b�2 �+�`�v�Q�;�2�M�B�+ �H�B�[�m�B�/�b�- �b�m�+�? ���b ���`�;�Q�M �Q�` �t�2�M�Q�M�- �+���m�b�2�/ �#�v �U���M�i�B�V�M�2�m�i�`�B�M�Q�b �Q�` �r�2���F�H�v

�B�M�i�2�`���+�i�B�M�; �K���b�b�B�p�2 �T���`�i�B�+�H�2�b �U�q�A�J�S�b�V �B�M �i�?�2 �b�2���`�+�? �7�Q�` �/���`�F �K���i�i�2�` �(�j�3���9�R�)�X �G���`�;�2

�p�Q�H�m�K�2�b �Q�7 �M�Q�#�H�2 �H�B�[�m�B�/�b ���`�2 �m�b�2�/ �7�Q�` �i�?�B�b �T�m�`�T�Q�b�2 �i�Q �i���F�2 ���/�p���M�i���;�2 �Q�7 �?�B�;�? �H�B�[�m�B�/

�/�2�M�b�B�i�B�2�b �b�Q �i�Q �B�M�+�`�2���b�2 �i�?�2 �T�`�Q�#���#�B�H�B�i�v �Q�7 �� �/�2�b�B�`�2�/ �T���`�i�B�+�H�2 �B�M�i�2�`���+�i�B�Q�M�X �A�M �T�`���+�i�B�+�2�-

�/�m���H �T�?���b�2 �+�Q�M�}�;�m�`���i�B�Q�M�b ���`�2 �Q�7�i�2�M �m�b�2�/ �i�Q ���b�b�B�b�i �B�M �2�t�i�`���+�i�B�Q�M ���M�/ �/�2�i�2�+�i�B�Q�M �Q�7 �i�?�2

�/�2�b�B�`�2�/ �B�Q�M�B�b���i�B�Q�M �2�p�2�M�i�b�X

�.�m���H �T�?���b�2 �/�2�i�2�+�i�Q�`�b �7�m�M�+�i�B�Q�M �#�v ���T�T�H�v�B�M�; ���M �2�t�i�2�`�M���H �2�H�2�+�i�`�B�+ �}�2�H�/ ���+�`�Q�b�b �i�?�2 �/�2�p�B�+�2

�i�Q �2�t�i�`���+�i �2�H�2�+�i�`�Q�M�b �7�`�Q�K �H�B�[�m�B�/ �i�Q �;���b�- ���7�i�2�` �r�?�B�+�? �i�?�2�v ���`�2 ���+�+�2�H�2�`���i�2�/ �i�?�`�Q�m�;�? �;���b�2�Q�m�b

�2�H�2�+�i�`�Q�M �K�m�H�i�B�T�H�B�2�`�b �U�:�1�J�b�V �i�?���i �b�m�#�D�2�+�i �2�H�2�+�i�`�Q�M�b �i�Q �b�i�`�Q�M�; �2�H�2�+�i�`�B�+ �}�2�H�/�b �(�j�N�)�- �Q�m�i�H�B�M�2�/

�B�M �i�?�2 �b�+�?�2�K���i�B�+ �B�M �6�B�;�m�`�2 �R�X�j�X �6�`�Q�K �i�?�2 �B�M�B�i�B���H �r�2���F �B�Q�M�B�b���i�B�Q�M �b�B�;�M���H�- ���M �2�H�2�+�i�`�Q�M

���p���H���M�+�?�2 �B�b �T�`�Q�/�m�+�2�/ �i�?�`�Q�m�;�? �i�?�2 �:�1�J �b�i���;�2 ���M�/ �� �b�B�;�M�B�}�+���M�i �+�m�`�`�2�M�i �B�b �K�2���b�m�`�2�/

�i�?�`�Q�m�;�? �i�?�2 �2�t�i�2�`�M���H �Q�#�b�2�`�p���i�B�Q�M �2�[�m�B�T�K�2�M�i �i�Q �B�M�/�B�+���i�2 �i�?�2 �/�2�i�2�+�i�B�Q�M �Q�7 �� �+�Q�H�H�B�b�B�Q�M

�2�p�2�M�i�X �A�M �i�?�B�b �i�?�2�b�B�b�- �i�?�2 ���T�T�H�B�+���i�B�Q�M �Q�7 �/�m���H �T�?���b�2 �T���`�i�B�+�H�2 �/�2�i�2�+�i�Q�`�b �B�b �m�b�2�/ ���b �Q�M�2

�K�Q�i�B�p���i�Q�` �i�Q �b�i�m�/�v �2�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i ���+�`�Q�b�b �i�?�2 �;���b�@�H�B�[�m�B�/ �B�M�i�2�`�7���+�2�X

Cathode

Liquid
phase

Gas
phase

GEM

GEM

Ionization
event

Ionization
signal

Current
trace

�6�B�;�m�`�2 �R�X�j�, �.�m���H �T�?���b�2 �T���`�i�B�+�H�2 �/�2�i�2�+�i�Q�` �b�+�?�2�K���i�B�+ �/�B���;�`���K�X

���i �i�?�2 �M�2�t�m�b �Q�7 �;���b ���M�/ �H�B�[�m�B�/ �/�B�b�+�?���`�;�2 ���T�T�H�B�+���i�B�Q�M�b �B�b �i�?�2 �2�K�2�`�;�B�M�; ���T�T�H�B�+���i�B�Q�M �Q�7

�T�H���b�K�� �K�2�/�B�+�B�M�2 �(�9�k���9�e�)�X �P�M�2 ���p�2�M�m�2 �Q�7 �T�H���b�K�� �K�2�/�B�+�B�M�2 �7�Q�+�m�b�2�b �Q�M �i�?�2 �i�`�2���i�K�2�M�i �Q�7

�b�Q�H�B�/ �b�m�`�7���+�2�b�- �K���i�2�`�B���H�b ���M�/ �/�2�p�B�+�2�b �B�M �Q�`�/�2�` �i�Q �b�i�2�`�B�H�B�b�2 �i�?�2�K �Q�` �2�M�?���M�+�2 �i�?�2�B�` �T�`�Q�T�2�`�i�B�2�b

�7�Q�` �K�2�/�B�+���H �T�m�`�T�Q�b�2�b�c �7�Q�` �2�t���K�T�H�2�- �b�i�2�`�B�H�B�b���i�B�Q�M �Q�7 �b�i���B�M�H�2�b�b �b�i�2�2�H �b�m�`�;�B�+���H �i�Q�Q�H�b�X ���M�Q�i�?�2�`

�7�Q�+�m�b �Q�7 �T�H���b�K�� �K�2�/�B�+�B�M�2 �B�b �i�?�2 �/�B�`�2�+�i ���T�T�H�B�+���i�B�Q�M �Q�7 �T�H���b�K���b�- �Q�` �i�?�2�B�` �T�`�Q�/�m�+�i�b�- �i�Q �i�B�b�b�m�2

�r�B�i�? �i�?�2 ���B�K �Q�7 �B�M�B�i�B���i�B�M�; �#�B�Q�H�Q�;�B�+���H �`�2�b�T�Q�M�b�2�b �7�Q�` �i�?�2�`���T�2�m�i�B�+ �i�`�2���i�K�2�M�i �Q�7 �B�M�7�2�+�i�2�/

�r�Q�m�M�/�b�- �b�F�B�M �+�Q�M�/�B�i�B�Q�M�b�- ���M�/ �b�m�`�;�B�+���H �B�M�+�B�b�B�Q�M�b ���M�/ �?���2�K�Q�`�`�?���;�2�b�X �:�2�M�2�`���H�H�v�- �#�B�Q�H�Q�;�B�+���H

�2�z�2�+�i�b ���`�2 �/�B�p�B�/�2�/ �B�M�i�Q �H�2�i�?���H �Q�` �M�Q�M�@�H�2�i�?���H�X �G�2�i�?���H �Q�m�i�+�Q�K�2�b ���`�2 �i�?�2 �B�M���+�i�B�p���i�B�Q�M �Q�7

�K�B�+�`�Q�Q�`�;���M�B�b�K�b �Q�` �+�2�H�H�b�- �b�m�+�? ���b �#���+�i�2�`�B���X �L�Q�M�@�H�2�i�?���H �Q�m�i�+�Q�K�2�b �+���M �B�M�+�H�m�/�2 �K�2�i���#�Q�H�B�b�K

�b�i�B�K�m�H���i�B�Q�M�- �+�2�H�H �T�`�Q�H�B�7�2�`���i�B�Q�M�- �Q�` �+�2�H�H �/�2�i���+�?�K�2�M�i �7�`�Q�K �K���i�`�B�t �+�Q�K�T�H�2�t�2�b �(�e�)�X

�q�B�i�? �� �7�Q�+�m�b �Q�M �i�`�2���i�K�2�M�i �Q�7 �i�B�b�b�m�2�- �#�v �b�i�`�B�F�B�M�; �� �#���H���M�+�2 �#�2�i�r�2�2�M �H�2�i�?���H ���M�/

�M�Q�M�@�H�2�i�?���H �2�z�2�+�i�b�- �i�?�2 �Q�p�2�`���H�H ���B�K �Q�7 �T�H���b�K�� �K�2�/�B�+�B�M�2 �i�`�2���i�K�2�M�i �B�b �i�Q �m�b�2 �M�2���` �`�Q�Q�K

�i�2�K�T�2�`���i�m�`�2�- ���K�#�B�2�M�i �T�`�2�b�b�m�`�2 �T�H���b�K���b�- �b�?�Q�r�M �B�M �6�B�;�m�`�2 �R�X�9�- �i�Q �}�`�b�i �+���m�i�2�`�B�b�2 �i�?�2 ���`�2��

���M�/ �i�?�2�M �b�i�B�K�m�H���i�2 �i�B�b�b�m�2 �`�2�;�2�M�2�`���i�B�Q�M ���M�/ �?�2���H�B�M�; �p�B�� �#�2�M�2�}�+�B���H �K�2�i���#�Q�H�B�+ �`�2���+�i�B�Q�M�b

�B�M�/�m�+�2�/ �#�v �`�2���+�i�B�p�2 �Q�t�v�;�2�M �Q�` �M�B�i�`�Q�;�2�M �b�T�2�+�B�2�b �U�_�P�L�a�V �/�2�H�B�p�2�`�2�/ �p�B�� �i�?�2 ���i�K�Q�b�T�?�2�`�B�+ ���B�`

�*�?���T�i�2�` �R�X �A�M�i�`�Q�/�m�+�i�B�Q�M �j



�:���`�H���M�/�- �L���i�?���M �1�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i �K�Q�/�2�H�B�M�; �B�M �;���b ���M�/ �H�B�[�m�B�/ �K�2�/�B��

�#���b�2�/ �T�H���b�K�� �(�9�k�- �9�e�)�X �J�m�H�i�B�T�H�2 �H���#�Q�`���i�Q�`�v ���M�/ �+�H�B�M�B�+���H �b�i�m�/�B�2�b �?���p�2 �#�2�2�M �T�2�`�7�Q�`�K�2�/ �B�M

�Q�`�/�2�` �i�Q �;���m�;�2 �i�?�2 �2�{�+���+�v�- ���M�/ �B�K�T�Q�`�i���M�i�H�v �i�?�2 �b���7�2�i�v�- �Q�7 �T�H���b�K�� �K�2�/�B�+�B�M�2 �i�`�2���i�K�2�M�i�b�-

�r�B�i�? �T�`�Q�i�Q�i�v�T�2 �/�2�p�B�+�2�b �b�m�+�? ���b �i�?�2 �F�A�L�S�2�M �/�2�p�2�H�Q�T�2�/ �#�v �A�L�S �:�`�2�B�7�b�r���H�/�- �b�?�Q�r�M �B�M

�6�B�;�m�`�2 �R�X�9�- �H�2���/�B�M�; �i�?�B�b �+�H�B�M�B�+���H �}�2�H�/ �Q�7 �b�i�m�/�v�X

�6�B�;�m�`�2 �R�X�9�, ���b ���M �2�t���K�T�H�2 �Q�7 �2�t�T�2�`�B�K�2�M�i���H �T�H���b�K�� �K�2�/�B�+�B�M�2 ���T�T���`���i�m�b �U�G�2�7�i�V ���S�S�C
�T�H���b�K�� �D�2�i �b�Q�m�`�+�2�- ���M�/ �U�_�B�;�?�i�V �F�A�L�S�2�M �T�`�Q�i�Q�i�v�T�2 �T�`�2�b�2�M�i�2�/ �#�v �>�º�M�i�b�+�?�2�i ���H�X�(�e�)

�h�?�`�Q�m�;�? �i�?�2 �B�M�i�2�`���+�i�B�Q�M �Q�7 �;���b �T�?���b�2 �T�H���b�K���b ���M�/ �/�2�M�b�2 �b�Q�7�i �i�B�b�b�m�2 �� �r�B�/�2 ���`�`���v �Q�7

�T�?�v�b�B�+���H �T�`�Q�+�2�b�b�2�b �Q�+�+�m�` �/�m�`�B�M�; ���T�T�H�B�+���i�B�Q�M �Q�7 �� �T�H���b�K�� �K�2�/�B�+�B�M�2 �i�`�2���i�K�2�M�i�X �h�`���M�b�7�2�`

�Q�7 �+�?���`�;�2�- �K���b�b�- ���M�/ �2�M�2�`�;�v �p�B�� �#�Q�K�#���`�/�K�2�M�i �Q�7 �`�2���+�i�B�p�2 ���M�/ �2�t�+�B�i�2�/ �b�T�2�+�B�2�b�- �+�?���`�;�2�/

�T���`�i�B�+�H�2�b�- �K�2�i���b�i���#�H�2�b�- �;�`�Q�m�M�/�2�/ �M�2�m�i�`���H�b�- ���M�/ �T�?�Q�i�Q�M�b �;�2�M�2�`���i�2�/ �7�`�Q�K �i�?�2 �H�Q�r �i�2�K�@

�T�2�`���i�m�`�2 �T�H���b�K�� �+�Q�m�T�H�2 �r�B�i�? ���#�b�Q�`�T�i�B�Q�M ���M�/ �2�K�B�b�b�B�Q�M �7�`�Q�K �i�?�2 �b�m�`�7���+�2 �Q�7 �i�B�b�b�m�2 �i�Q

�7�Q�`�K �� �+�Q�K�T�H�2�t �B�M�i�2�`�7���+�B���H �2�M�p�B�`�Q�M�K�2�M�i �Q�m�i�H�B�M�2�/ �B�M �6�B�;�m�`�2 �R�X�8�X �h�?�2 �T�2�M�2�i�`���i�B�Q�M �Q�7 �i�?�2

�2�H�2�+�i�`�B�+ �}�2�H�/ �B�M�i�Q �i�B�b�b�m�2 �?���b ���H�b�Q �#�2�2�M �B�/�2�M�i�B�}�2�/ ���b �� �T�Q�b�b�B�#�H�2 �F�2�v �p���`�B���#�H�2 �B�M �i�2�`�K�b �Q�7

�K�Q�/�2�`���i�B�M�; �T���i�B�2�M�i �i�?�2�`�K���H �i�Q�H�2�`���M�+�2�b�- ���M�/ ���H�b�Q �i�?�2 �i�v�T�2�b �Q�7 �`�2���+�i�B�Q�M�b �i�?���i �K���v �Q�+�+�m�`

�r�B�i�?�B�M �� �b�?�Q�`�i �/�2�T�i�? �B�M�i�Q �i�?�2 �i�B�b�b�m�2 �H���v�2�` �(�9�d�)�X

Plasma

Ions &
electrons

Electromagnetic
fields

Excited species

UV radiation

Thermal
radiation

Visible light

Proteins

DNA

Tissue

Cells

Interactions between
plasma and surface

�6�B�;�m�`�2 �R�X�8�, �S�H���b�K�� �K�2�/�B�+�B�M�2 �b�+�?�2�K���i�B�+ �/�B���;�`���K �/�2�K�Q�M�b�i�`���i�B�M�; �i�?�2 ���`�`���v �Q�7 �T�?�v�b�B�+���H
�T�`�Q�+�2�b�b�2�b �i�?���i �+���M �Q�+�+�m�` �i�?�`�Q�m�;�?�Q�m�i �� �i�v�T�B�+���H �T�H���b�K�� �K�2�/�B�+�B�M�2 �i�`�2���i�K�2�M�i

�� �7�`���K�2�r�Q�`�F �i�Q ���M���H�v�x�2�- �m�M�/�2�`�b�i���M�/�- ���M�/ �B�K�T�`�Q�p�2 �?�Q�r �H�Q�r �i�2�K�T�2�`���i�m�`�2 �T�H���b�K��

�B�M�i�2�`���+�i�b �r�B�i�? �b�Q�7�i �+�Q�M�/�2�M�b�2�/ �K���i�i�2�` �B�b �2�b�b�2�M�i�B���H �i�Q �B�K�T�`�Q�p�2 �2�{�+���+�v ���M�/ �m�M�/�2�`�b�i���M�/�B�M�;

�Q�7 �2�K�2�`�;�B�M�; �B�M�i�2�`�7���+�B���H �T�H���b�K�� �i�2�+�?�M�Q�H�Q�;�B�2�b �(�9�d�) ���M�/ �B�b �� �/�`�B�p�B�M�; �7���+�i�Q�` �#�2�?�B�M�/ �i�?�B�b

�+�m�`�`�2�M�i �b�i�m�/�v�X

�*�?���T�i�2�` �R�X �A�M�i�`�Q�/�m�+�i�B�Q�M �9



�:���`�H���M�/�- �L���i�?���M �1�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i �K�Q�/�2�H�B�M�; �B�M �;���b ���M�/ �H�B�[�m�B�/ �K�2�/�B��

������ �/�L�T�X�L�G �W�U�D�Q�V�S�R�U�W �P�R�G�H�O�L�Q�J �V�W�X�G�L�H�V

�A�M �+�Q�K�T���`�B�b�Q�M �i�Q �;���b �T�?���b�2 �K�Q�/�2�H�B�M�;�- �B�M �H�B�[�m�B�/ �b�v�b�i�2�K�b ���M�/ �/�B�b�+�?���`�;�2�b �i�?�2�`�2 �+�Q�M�b�B�/�2�`���#�H�v

�K�Q�`�2 �+�Q�K�T�H�2�t �T�`�Q�+�2�b�b�2�b �B�M�p�Q�H�p�2�/�- �b�m�+�? ���b �b�i�`�m�+�i�m�`�2 �2�z�2�+�i�b�- �2�H�2�+�i�`�Q�M �b�Q�H�p���i�B�Q�M ���M�/

�2�p���T�Q�`���i�B�Q�M�- �i�?���i �K���F�2 �� �+�Q�K�T�`�2�?�2�M�b�B�p�2 �K�Q�/�2�H�B�M�; ���T�T�`�Q���+�? �/�B�{�+�m�H�i �(�9�3���8�j�)�X �h�?�2�`�2

�?���p�2 �#�2�2�M �p���`�B�Q�m�b ���T�T�`�Q���+�?�2�b �i�Q �K�Q�/�2�H�B�M�; �7�`�2�2 �2�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i �B�M ���i�Q�K�B�+ �H�B�[�m�B�/�b�-

�;�2�M�2�`���H�H�v �p���`�v�B�M�; �B�M �i�?�2 �r���v �b�i�`�m�+�i�m�`�2 �2�z�2�+�i�b �b�m�+�? ���b �2�H�2�+�i�`�Q�M �+�Q�?�2�`�2�M�i �b�+���i�i�2�`�B�M�; ���M�/

�H�Q�M�;�@�`���M�;�2 �B�M�i�2�`���+�i�B�Q�M �T�Q�i�2�M�i�B���H�b ���`�2 �/�2�}�M�2�/ �(�8�9���8�e�)�X �6�Q�m�M�/���i�B�Q�M�b �H���B�/ �#�v �G�2�F�M�2�` �(�8�d�)�-

���M�/ �H���i�2�` �2�t�i�2�M�/�2�/ �#�v �i�?�2 �;�`�Q�m�T�b �Q�7 ���i�`���x�?�2�p �(�8�3���e�R�)�- �a�+�?�K�B�/�i �(�8�9�-�e�k�)�- �a���F���B �(�8�8�-�8�e�)�- ���M�/

�"�Q�`�;�?�2�b���M�B �(�e�j�- �e�9�)�- �/�2�b�+�`�B�#�2 ���T�T�`�Q���+�?�2�b �i�Q �T�`�Q�p�B�/�B�M�; �i�?�2 �2�z�2�+�i�B�p�2 �b�+���i�i�2�`�B�M�; �T�Q�i�2�M�i�B���H

�i�?���i �i�?�2 �2�H�2�+�i�`�Q�M �b�2�2�b �r�B�i�?�B�M �i�?�2 �H�B�[�m�B�/�X �_�2�+�2�M�i �J�Q�M�i�2 �*���`�H�Q �b�i�m�/�B�2�b �(�e�8�) �?���p�2 �T�`�2�b�2�M�i�2�/

���/�p���M�+�2�b �B�M �K�Q�/�2�H�B�M�; �2�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i �B�M ���i�Q�K�B�+ �H�B�[�m�B�/�b �i�?�`�Q�m�;�? ���+�+�Q�K�K�Q�/���i�B�Q�M �Q�7

�+�Q�?�2�`�2�M�i �2�H�2�+�i�`�Q�M �b�+���i�i�2�`�B�M�; �2�z�2�+�i�b�X

�A�M ���/�/�B�i�B�Q�M �i�Q �7�m�M�/���K�2�M�i���H �2�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i �B�M ���i�Q�K�B�+ �H�B�[�m�B�/�b�- �K�Q�/�2�H�B�M�; �b�i�m�/�B�2�b

�Q�7 �H�B�[�m�B�/ �/�B�b�+�?���`�;�2 ���M�/ �T�H���b�K���@�H�B�[�m�B�/ �B�M�i�2�`�7���+�2 ���T�T�H�B�+���i�B�Q�M�b �?���p�2 �#�2�2�M �m�M�/�2�`�i���F�2�M�X �h�Q

�b�B�K�m�H���i�2 �i�`���M�b�T�Q�`�i �B�M �H�B�[�m�B�/�b�- �b�Q�K�2 �`�2�+�2�M�i �b�i�m�/�B�2�b �?���p�2 �m�b�2�/ �2�H�2�+�i�`�B�+ �+�Q�M�/�m�+�i�B�p�B�i�v ���M�/

�T�2�`�K�B�i�i�B�p�B�i�v �+�?���M�;�2�b �#�2�i�r�2�2�M �K�Q�/�2�H �K���i�2�`�B���H �T�?���b�2�b �(�8�y�)�- �/�2�M�b�B�i�v �b�+���H�2�/ �;���b �T�?���b�2

�2�H�2�+�i�`�Q�M �/�B�z�m�b�B�Q�M �+�Q�2�{�+�B�2�M�i�b �(�9�N�- �8�j�)�- �Q�` �+�Q�M�b�i���M�i �2�K�T�B�`�B�+���H �i�`���M�b�T�Q�`�i �+�Q�2�{�+�B�2�M�i�b ���M�/

�`���i�2�b �(�8�k�- �8�j�) �i�Q �T�`�Q�p�B�/�2 �M�2�r �m�M�/�2�`�b�i���M�/�B�M�; �Q�7 �T�H���b�K�� �b�T�2�+�B�2�b �i�`���M�b�T�Q�`�i ���i �;���b�@�H�B�[�m�B�/

�B�M�i�2�`�7���+�2�b�X �q�?�B�H�2 �T�`�2�p�B�Q�m�b �T�`���;�K���i�B�+ �b�i�m�/�B�2�b �?���p�2 �T�`�Q�p�B�/�2�/ �b�Q�K�2 �B�M�b�B�;�?�i �i�Q �B�K�T�Q�`�i���M�i

�T�H���b�K�� ���T�T�H�B�+���i�B�Q�M�b�- �i�?�2 �B�M�+�Q�`�T�Q�`���i�B�Q�M �Q�7 ���+�+�m�`���i�2�- �7�m�M�/���K�2�M�i���H �H�B�[�m�B�/ �i�`���M�b�T�Q�`�i �T�?�v�b�B�+�b

�B�M�i�Q �2�t�B�b�i�B�M�; �ó�;���b �T�?���b�2 �K�Q�/�2�H�b�ô�- �B�M �Q�`�/�2�` �i�Q �/�2�b�+�`�B�#�2 �H�B�[�m�B�/ �/�B�b�+�?���`�;�2 ���M�/ �T�H���b�K���@�H�B�[�m�B�/

�B�M�i�2�`�7���+�2 ���T�T�H�B�+���i�B�Q�M�b�- �T�`�2�b�2�M�i�b ���M �Q�T�2�M �[�m�2�b�i�B�Q�M �7�Q�` �`�2�b�2���`�+�?�X

������ �.�L�Q�H�W�L�F �W�K�H�R�U�\ �D�Q�G �W�K�H �%�R�O�W�]�P�D�Q�Q �H�T�X�D�W�L�R�Q

�A�M �i�?�2 �T�`�2�p�B�Q�m�b �b�2�+�i�B�Q�M�b �B�i �r���b �?�B�;�?�H�B�;�?�i�2�/ �i�?���i �H�Q�r�@�i�2�K�T�2�`���i�m�`�2 �T�H���b�K���b ���`�2 �+�2�M�i�`���H �i�Q

�K���M�v �M���i�m�`���H ���M�/ �K���M�@�K���/�2 �T�`�Q�+�2�b�b�2�b ���M�/ ���T�T�H�B�+���i�B�Q�M�b�- ���M�/ �+�Q�M�i���B�M �K���M�v �+�Q�K�T�H�2�t

�T�?�v�b�B�+���H �T�?�2�M�Q�K�2�M���X ���b �b�+�B�2�M�+�2 ���M�/ �B�M�/�m�b�i�`�v �b�2�2�F�b �i�Q �B�K�T�`�Q�p�2 �T�2�`�7�Q�`�K���M�+�2 �Q�7 �T�`�Q�+�2�b�b�2�b�-

�b�m�+�? ���b �T�H���b�K�� �K�2�/�B�+�B�M�2 �Q�` �/�m���H�@�T�?���b�2 �T���`�i�B�+�H�2 �/�2�i�2�+�i�Q�`�b�- �i�?�2 ���#�B�H�B�i�v �i�Q �T�`�Q�p�B�/�2 ���+�+�m�`���i�2

�T�`�2�/�B�+�i�B�Q�M�b �Q�7 �/�B�b�+�?���`�;�2 �T�`�Q�T�2�`�i�B�2�b �#�2�+�Q�K�2�b �+�`�m�+�B���H�X �h�Q ���+�[�m�B�`�2 �/�2�2�T �m�M�/�2�`�b�i���M�/�B�M�;

�Q�7 �+�?���`�;�2�/ �T���`�i�B�+�H�2 �i�`���M�b�T�Q�`�i �r�B�i�?�B�M �b�m�+�? �b�v�b�i�2�K�b�- �K���i�?�2�K���i�B�+���H �/�2�b�+�`�B�T�i�B�Q�M�b �Q�7 �i�?�2

�+�Q�K�T�H�2�t �i�`���M�b�T�Q�`�i ���M�/ �+�Q�H�H�B�b�B�Q�M �T�?�v�b�B�+�b �?���p�2 �#�2�2�M �/�2�p�2�H�Q�T�2�/�X �h�?�2 �K�Q�b�i �/�2�i���B�H�2�/

�/�2�b�+�`�B�T�i�Q�` �Q�7 �+�?���`�;�2�/ �T���`�i�B�+�H�2 �i�`���M�b�T�Q�`�i �r�B�i�?�B�M �� �T�H���b�K�� �B�b �i�?�2 �T�?���b�2�@�b�T���+�2 �/�B�b�i�`�B�#�m�i�B�Q�M

�7�m�M�+�i�B�Q�M�-f (�`; �p; t)�- �r�?�B�+�? �/�2�b�+�`�B�#�2�b �i�?�2 �2�p�Q�H�m�i�B�Q�M �B�M �i�B�K�2�-t�- �Q�7 �+�?���`�;�2�/ �T���`�i�B�+�H�2�b

�i�?�`�Q�m�;�? �T�?���b�2 �b�T���+�2�-(�`; �p)�X �h�?�2 �b�+�B�2�M�+�2 �Q�7 �7�Q�`�K�m�H���i�B�M�; ���M�/ �b�Q�H�p�B�M�; �i�?�2 �+�?���`�;�2�/ �T���`�i�B�+�H�2

�/�B�b�i�`�B�#�m�i�B�Q�M �7�m�M�+�i�B�Q�M �B�b �F�B�M�2�i�B�+ �i�?�2�Q�`�v�X

���������� �7�K�H �%�R�O�W�]�P�D�Q�Q �H�T�X�D�W�L�R�Q

�h�?�2 �"�Q�H�i�x�K���M�M �2�[�m���i�B�Q�M �(�e�e�) �B�b �� �+�Q�M�i�B�M�m�B�i�v �2�[�m���i�B�Q�M �B�M �T�?���b�2 �b�T���+�2 ���M�/ �i���F�2�b �i�?�2 �7�Q�`�K

@f
@t

+ �p� rf + �� � r �pf = �J (f ) ; �U�R�X�R�V

�*�?���T�i�2�` �R�X �A�M�i�`�Q�/�m�+�i�B�Q�M �8



�:���`�H���M�/�- �L���i�?���M �1�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i �K�Q�/�2�H�B�M�; �B�M �;���b ���M�/ �H�B�[�m�B�/ �K�2�/�B��

�r�?�2�`�2
@f
@t

�/�2�b�+�`�B�#�2�b �i�?�2 �H�Q�+���H �i�B�K�2 �`���i�2�@�Q�7�@�+�?���M�;�2 �Q�7 �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �7�m�M�+�i�B�Q�M�-�p� rf

�/�2�b�+�`�B�#�2�b �p���`�B���i�B�Q�M �Q�7 �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �7�m�M�+�i�B�Q�M �/�m�2 �i�Q �T���`�i�B�+�H�2�b �b�i�`�2���K�B�M�; �B�M ���M�/ �Q�m�i

�Q�7 �p�Q�H�m�K�2 �2�H�2�K�2�M�i�b �B�M �T�Q�b�B�i�B�Q�M �b�T���+�2 �/�m�2 �i�Q �T�`�2�b�b�m�`�2 �;�`���/�B�2�M�i�b �B�M �T�?���b�2 �b�T���+�2�X �h�?�2

�� � r �pf �i�2�`�K �/�2�b�+�`�B�#�2�b �i�?�2 �p���`�B���i�B�Q�M �Q�7 �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �7�m�M�+�i�B�Q�M �/�m�2 �i�Q �2�t�i�2�`�M���H �7�Q�`�+�2�b

���+�i�B�M�; �Q�M �i�?�2 �T���`�i�B�+�H�2�b�- �Q�7�i�2�M �/�m�2 �i�Q �2�H�2�+�i�`�Q�K���;�M�2�i�B�+ �}�2�H�/�b�X �h�?�2 �+�Q�H�H�B�b�B�Q�M �Q�T�2�`���i�Q�`�-

J (f )�- �b�2�2�F�b �i�Q �/�2�b�+�`�B�#�2 �i�?�2 �+�?���M�;�2 �B�M �i�?�2 �+�?���`�;�2�/ �T���`�i�B�+�H�2 �/�B�b�i�`�B�#�m�i�B�Q�M �7�m�M�+�i�B�Q�M �/�m�2 �i�Q

���H�H �i�v�T�2�b �Q�7 �T���`�i�B�+�H�2 �+�Q�H�H�B�b�B�Q�M�b �r�B�i�? ���H�H �i���`�;�2�i�b �r�B�i�?�B�M �i�?�2 �b�v�b�i�2�K�X

�h�?�2 �+�m�`�`�2�M�i �b�i���i�2�@�Q�7�@�i�?�2�@���`�i �K�2�i�?�Q�/�b �7�Q�` �b�Q�H�p�B�M�;�U�R�X�R�V���`�2 ���+�+�m�`���i�2 �K�m�H�i�B�@�i�2�`�K

�b�Q�H�m�i�B�Q�M�b �(�8�- �R�y�- �9�3�- �e�d�) �7�Q�m�M�/ �#�v �/�2�+�Q�K�T�Q�b�B�M�;f (�`; �p; t) �i�Q �b�2�T���`���i�2 �i�?�2 �b�T�2�2�/ ���M�/

�p�2�H�Q�+�B�i�v ���M�;�m�H���` �+�Q�K�T�Q�M�2�M�i�-�̂p�- �p�B�� �� �b�T�?�2�`�B�+���H �?���`�K�Q�M�B�+ �2�t�T���M�b�B�Q�M

f (�`; �p; t) =
1X

l=0

lX

m=�l

f (l )
m (�`; v; t) Y [l ]

m (���p) ; �U�R�X�k�V

�r�?�2�`�2Y [l ]
m (�̂p) ���`�2 �b�T�?�2�`�B�+���H �?���`�K�Q�M�B�+�b ���b �� �7�m�M�+�i�B�Q�M �Q�7 ���M�;�H�2�b�̂p�X �A�7 �� �b�v�K�K�2�i�`�v �2�t�B�b�i�b

�B�M �i�?�2 �T�`�Q�#�H�2�K �;�2�Q�K�2�i�`�v�- �7�Q�` �2�t���K�T�H�2 �i�?�`�Q�m�;�? ���M �2�H�2�+�i�`�B�+ �}�2�H�/ �#�2�B�M�; ���T�T�H�B�2�/ �B�M �T�H���M�2�@

�T���`���H�H�2�H �+�Q�M�}�;�m�`���i�B�Q�M�- �i�?�2�M �b�B�K�T�H�2�` �2�t�T���M�b�B�Q�M �7�m�M�+�i�B�Q�M�b�- �b�m�+�? ���b �G�2�;�2�M�/�`�2 �T�Q�H�v�M�Q�K�B���H�b�-

Pl �- �+���M �#�2 �m�b�2�/ �B�M�b�i�2���/ �Q�7 �b�T�?�2�`�B�+���H �?���`�K�Q�M�B�+�b �(�R�y�)�X

�.�2�T�2�M�/�B�M�; �Q�M �i�?�2 �b�v�b�i�2�K �m�M�/�2�` �B�M�p�2�b�i�B�;���i�B�Q�M�- �7�m�`�i�?�2�` �2�t�T���M�b�B�Q�M�b ���`�2 �Q�7�i�2�M �`�2�[�m�B�`�2�/�X

�A�7 �i�?�2 �b�v�b�i�2�K �B�b �B�M �� �?�v�/�`�Q�/�v�M���K�B�+ �`�2�;�B�K�2�- �r�?�2�`�2 �Q�M�H�v �b�K���H�H �b�T���+�2�@�i�B�K�2 �;�`���/�B�2�M�i�b �T�2�`�b�B�b�i�-

�i�?�2�M �B�i �B�b �+�Q�K�K�Q�M �i�Q �`�2�T�`�2�b�2�M�i�- �Q�` �T�`�Q�D�2�+�i�- �i�?�2 �b�T���i�B���H �/�2�T�2�M�/�2�M�+�2 �p�B�� �;�`���/�B�2�M�i�b �Q�7 �i�?�2

�2�H�2�+�i�`�Q�M �/�2�M�b�B�i�v�-r kn�X �6�Q�` �b�v�b�i�2�K�b �B�M �� �M�Q�M�@�?�v�/�`�Q�/�v�M���K�B�+ �`�2�;�B�K�2�- �� �/�2�M�b�B�i�v �;�`���/�B�2�M�i

�2�t�T���M�b�B�Q�M �K���v �M�Q�i �#�2 �b�m�{�+�B�2�M�i �i�Q �`�2�b�Q�H�p�2 �+�Q�K�T�H�2�t �i�`���M�b�T�Q�`�i �T�?�2�M�Q�K�2�M���X �A�M �i�?�B�b �`�2�;�B�K�2

�i�?�2 �b�T���+�2 �/�2�T�2�M�/�2�M�+�2 �K�m�b�i �#�2 �i�`�2���i�2�/ ���i �i�?�2 �b���K�2 �H�2�p�2�H ���b �i�?�2 �b�T�2�2�/ �Q�` �i�B�K�2 ���M�/

�7�m�H�H �`�2�T�`�2�b�2�M�i���i�B�Q�M�b �Q�7 �i�?�2 �b�T���+�2 �/�2�T�2�M�/�2�M�+�2 ���`�2 �`�2�[�m�B�`�2�/�X �A�M�/�2�T�2�M�/�2�M�i �Q�7 �i�?�2 �b�T���i�B���H

�/�2�T�2�M�/�2�M�+�B�2�b�- �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �i�?�2 �b�T�2�2�/ �/�2�T�2�M�/�2�M�+�2 �B�b �`�2�[�m�B�`�2�/ ���M�/ �p���`�B�Q�m�b �Q�T�i�B�Q�M�b

�2�t�B�b�i �(�R�y�- �9�3�- �e�3�- �e�N�)�X �h�?�2 �b�Q�H�m�i�B�Q�M �T�`�Q�+�2�b�b ���H�r���v�b ���B�K�b �i�Q �v�B�2�H�/ �� �+�Q�m�T�H�2�/ �?�B�2�`���`�+�?�v �Q�7

�2�[�m���i�B�Q�M�b �i�?���i �+���M �#�2 �M�m�K�2�`�B�+���H�H�v �b�Q�H�p�2�/ �i�Q �v�B�2�H�/ �i�?�2 �2�t�T���M�b�B�Q�M �+�Q�2�{�+�B�2�M�i�bf (l )
m �Q�7�U�R�X�k�V�X

�q�?�2�M �� �/�B�b�i�`�B�#�m�i�B�Q�M �7�m�M�+�i�B�Q�M �B�b �F�M�Q�r�M�- �K�2���b�m�`���#�H�2�b ���M�/ �i�`���M�b�T�Q�`�i �+�Q�2�{�+�B�2�M�i�b�- �b�m�+�?

���b �/�`�B�7�i �p�2�H�Q�+�B�i�v�-W �- ���M�/ �H�Q�M�;�B�i�m�/�B�M���H ���M�/ �i�`���M�b�p�2�`�b�2 �/�B�z�m�b�B�Q�M �+�Q�2�{�+�B�2�M�i�b�-DL ; DT �-

�T�`�2�p�B�Q�m�b�H�v �K�2�M�i�B�Q�M�2�/�- �+���M �#�2 �+�Q�K�T�m�i�2�/ �p�B�� ���T�T�`�Q�T�`�B���i�2 �p�2�H�Q�+�B�i�v �B�M�i�2�;�`���H�b �Q�p�2�` �i�?�2

�/�B�b�i�`�B�#�m�i�B�Q�M �7�m�M�+�i�B�Q�M�X �6�Q�` �2�t���K�T�H�2�- �i�?�2 �b�B�K�T�H�2�b�i �i�`���M�b�T�Q�`�i �p���`�B���#�H�2 �B�b �i�?�2 �2�H�2�+�i�`�Q�M

�M�m�K�#�2�` �/�2�M�b�B�i�vn (�`; t) =
R

f (�`; �p; t) d�p:

�q�?�B�H�2 �p�2�`�v ���+�+�m�`���i�2�- �i�?�2 �M�m�K�2�`�B�+���H �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �"�Q�H�i�x�K���M�M �2�[�m���i�B�Q�M �B�M �K�m�H�i�B�/�B�@

�K�2�M�b�B�Q�M���H �T�?���b�2 �b�T���+�2 �B�b �+�Q�K�T�m�i���i�B�Q�M���H�H�v �/�2�K���M�/�B�M�; ���M�/ �i�?�2�`�2 ���`�2 �� �M�m�K�#�2�` �Q�7 �Q�i�?�2�`

�7���+�i�Q�`�b �i�?���i �H�B�K�B�i �i�?�2 ���T�T�H�B�+���i�B�Q�M �Q�7 �i�?�B�b �K�2�i�?�Q�/ �7�Q�` �H�Q�r�@�i�2�K�T�2�`���i�m�`�2 �T�H���b�K�� �K�Q�/�2�H�B�M�;�-

�B�M�+�H�m�/�B�M�; �U�B�V �i�?�2 �+�Q�K�#�B�M�2�/ �+�Q�K�T�H�2�t�B�i�v �Q�7 �2�p���H�m���i�B�M�; �i�?�2 �+�Q�H�H�B�b�B�Q�M �B�M�i�2�;�`���H ���i �2���+�? �i�B�K�2

�b�i�2�T �r�?�B�H�2 �i�`���M�b�T�Q�`�i�B�M�; �i�?�2 �b�Q�H�m�i�B�Q�M �B�M �T�Q�b�B�i�B�Q�M ���M�/ �p�2�H�Q�+�B�i�v �b�T���+�2�- ���M�/ �U�B�B�V �7�Q�` �M�Q�M�@

�i�`�B�p�B���H �;�2�Q�K�2�i�`�B�2�b �i�?�2 �M�m�K�2�`�B�+���H �B�K�T�H�2�K�2�M�i���i�B�Q�M�- �B�M�+�H�m�/�B�M�; �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b�- �B�b �p�2�`�v

�/�B�{�+�m�H�i �(�R�y�- �e�3�- �d�y�)�X ���b �� �`�2�b�m�H�i�- �i�?�2 �m�b�2 �Q�7 �F�B�M�2�i�B�+ �K�2�i�?�Q�/�b �7�Q�` �H�Q�r�@�i�2�K�T�2�`���i�m�`�2 �T�H���b�K��

�b�B�K�m�H���i�B�Q�M�b �?���b �M�Q�i �#�2�2�M �2�K�T�H�Q�v�2�/ �B�M �i�?�B�b �b�i�m�/�v�- �?�Q�r�2�p�2�` �2�t�B�b�i�B�M�; �+�Q�/�2�b �/�2�p�2�H�Q�T�2�/

�7�`�Q�K �i�?�2 �F�B�M�2�i�B�+ �b�Q�H�m�i�B�Q�M �7�`���K�2�r�Q�`�F �Q�7 �"�Q�v�H�2�2�i ���H�X�(�R�y�) �r�2�`�2 �m�i�B�H�B�b�2�/ �i�Q �;�2�M�2�`���i�2 �B�M�T�m�i

�*�?���T�i�2�` �R�X �A�M�i�`�Q�/�m�+�i�B�Q�M �e



�:���`�H���M�/�- �L���i�?���M �1�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i �K�Q�/�2�H�B�M�; �B�M �;���b ���M�/ �H�B�[�m�B�/ �K�2�/�B��

�/���i�� �7�Q�` �~�m�B�/ �K�Q�/�2�H�b �m�b�2�/ �B�M �i�?�B�b �b�i�m�/�v�X

���������� �&�R�O�O�L�V�L�R�Q �W�H�U�P �D�Q�G �V�F�D�W�W�H�U�L�Q�J �F�U�R�V�V �V�H�F�W�L�R�Q�V

���H�H �+�Q�H�H�B�b�B�Q�M �T�`�Q�+�2�b�b�2�b �+���M �#�2 �/�2�b�+�`�B�#�2�/ �K���i�?�2�K���i�B�+���H�H�v �#�v �� �/�B�z�2�`�2�M�i�B���H �+�`�Q�b�b �b�2�+�i�B�Q�M�-

� (g; � ) �r�?�2�`�2g �B�b �i�?�2 �`�2�H���i�B�p�2 �p�2�H�Q�+�B�i�v �#�2�i�r�2�2�M �i�r�Q �+�Q�H�H�B�/�B�M�; �T���`�i�B�+�H�2�b �B�M �i�?�2 �+�2�M�i�`�2�@�Q�7�@

�K���b�b �`�2�7�2�`�2�M�+�2 �7�`���K�2 ���M�/� �B�b �i�?�2 ���M�;�H�2 ���i �r�?�B�+�? �i�?�2 �B�M�+�Q�K�B�M�; �T���`�i�B�+�H�2 �B�b �b�+���i�i�2�`�2�/

�7�`�Q�K �i�?�2 �i���`�;�2�i �B�M �i�?�2 �+�2�M�i�`�2�@�Q�7�@�K���b�b �7�`���K�2�X �a�+���i�i�2�`�B�M�; �+�`�Q�b�b �b�2�+�i�B�Q�M�b �+���M �#�2 �Q�#�i���B�M�2�/

�2�t�T�2�`�B�K�2�M�i���H�H�v�- �i�?�`�Q�m�;�? �b�+���i�i�2�`�B�M�; �Q�` �m�M�7�Q�H�/�B�M�; �b�r���`�K �2�t�T�2�`�B�K�2�M�i�b �(�9�- �d�R���d�j�)�- �Q�` �7�`�Q�K

�[�m���M�i�m�K �K�2�+�?���M�B�+���H �+���H�+�m�H���i�B�Q�M�b �(�d�9�- �d�8�)�X �� �/�B�z�2�`�2�M�i�B���H �+�`�Q�b�b �b�2�+�i�B�Q�M �B�b �� �K�2���b�m�`�2 �Q�7

�i�?�2 �T�`�Q�#���#�B�H�B�i�v �i�?���i ���M �B�M�+�Q�K�B�M�; �T���`�i�B�+�H�2 �Q�7 �� �+�2�`�i���B�M �2�M�2�`�;�v �U�b�m�+�? ���b ���M �2�H�2�+�i�`�Q�M�V

�B�M�i�2�`���+�i�B�M�; �r�B�i�? �� �i���`�;�2�i �T���`�i�B�+�H�2 �7�Q�` �� �;�B�p�2�M �+�Q�H�H�B�b�B�Q�M���H �T�`�Q�+�2�b�b �B�b �b�+���i�i�2�`�2�/ �i�?�`�Q�m�;�? ���M

���M�;�H�2� �- �B�M�i�Q �� �b�Q�H�B�/ ���M�;�H�2d
 �(�d�e�)�X �A�7 �Q�M�2 �B�M�i�2�;�`���i�2�b �i�?�2 �/�B�z�2�`�2�M�i�B���H �+�`�Q�b�b �b�2�+�i�B�Q�M �Q�p�2�`

���H�H �b�Q�H�B�/ �b�+���i�i�2�`�2�/ ���M�;�H�2 �2�H�2�K�2�M�i�b �i�?�2�M �i�?�2 �i�Q�i���H �+�`�Q�b�b �b�2�+�i�B�Q�M �Q�7 �� �T�`�Q�+�2�b�b �+���M �#�2 �7�Q�m�M�/

�i�Q �#�2

� (g) = 2�
Z �

0
� (g; � ) �b�B�M�d�:

�1�H�2�+�i�`�Q�M �b�+���i�i�2�`�B�M�; �+�`�Q�b�b �b�2�+�i�B�Q�M�b ���`�2 �7�m�M�+�i�B�Q�M�b �Q�7 �i�?�2 �`�2�H���i�B�p�2 �b�T�2�2�/�-g�X �A�i �B�b ���H�b�Q

�+�Q�K�K�Q�M �i�Q �r�`�B�i�2 �/�2�T�2�M�/�2�M�+�2 ���b �� �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �+�2�M�i�`�2�@�Q�7�@�K���b�b �2�M�2�`�;�v�-� = 1
2 �g 2�-

�r�?�2�`�2� = mem0
me+m 0

�B�b �i�?�2 �`�2�/�m�+�2�/ �K���b�b �Q�7 �i�?�2 �2�H�2�+�i�`�Q�M�@�i���`�;�2�i �b�v�b�i�2�K �7�Q�` �2�H�2�+�i�`�Q�M �K���b�b�-

me�- ���M�/ �M�2�m�i�`���H �i���`�;�2�i �K���b�b�-m0�X

�h�Q �2�p���H�m���i�2 �i�?�2 �+�Q�H�H�B�b�B�Q�M �Q�T�2�`���i�Q�`�-J (f )�- �Q�M �`�B�;�?�i�@�?���M�/�@�b�B�/�2 �Q�7�U�R�X�R�V�- �i�?�2 �b�2�K�B�@

�+�H���b�b�B�+���H �+�Q�H�H�B�b�B�Q�M �B�M�i�2�;�`���H �Q�7 �q���M�;�@�*�?���M�;�@�l�?�H�2�M�#�2�+�F�@�/�2�"�Q�2�` �(�d�d�) �B�b �Q�7�i�2�M �m�b�2�/ �7�Q�` �i�?�2

�`���i�2 �Q�7 �+�?���M�;�2 �Q�7f �/�m�2 �i�Q �+�Q�M�b�2�`�p���i�B�p�2 �+�Q�H�H�B�b�B�Q�M�b�- ���H�H�Q�r�B�M�; �7�Q�` �i�`���M�b�B�i�B�Q�M�b �B�M �B�M�i�2�`�M���H

�2�M�2�`�;�v �b�i���i�2�b �Q�7 �i�?�2 �M�2�m�i�`���H �K�Q�H�2�+�m�H���` �i���`�;�2�i�b �/�m�2 �i�Q �B�M�2�H���b�i�B�+ �+�Q�H�H�B�b�B�Q�M�b�-j ! j 0�-

@f
@t

+ �p� rf + �� � r �pf =

X

j;j 0

Z
d3v0

Z
d2
 �;0g� (j; j 0; �;; �;0) [f (�`; �p0; t)f 0(�`0; �p0

0; t) � f (�`; �p; t)f 0(�`0; �p0; t)] ; �U�R�X�j�V

�r�?�2�`�2 �b�m�#�b�+�`�B�T�i0 �/�2�M�Q�i�2�b �[�m���M�i�B�i�B�2�b �Q�7 �i�?�2 �M�2�m�i�`���H �#���+�F�;�`�Q�m�M�/�- �b�m�T�2�`�b�+�`�B�T�i �ö �/�2�M�Q�i�2�b

�T�Q�b�i�@�+�Q�H�H�B�b�B�Q�M �[�m���M�i�B�i�B�2�b�-d2
 �;0 �/�2�M�Q�i�2�b �i�?�2 �b�Q�H�B�/ �b�+���i�i�2�`�B�M�; ���M�;�H�2�-�; �i�?�2 �`�2�H���i�B�p�2 �p�2�H�Q�@

�+�B�i�v �B�M �i�?�2 �+�2�M�i�`�2 �Q�7 �K���b�b �7�`���K�2�- ���M�/� (j; j 0; �;; �;0) �B�b �i�?�2 �2�H�2�+�i�`�Q�M�@�M�2�m�i�`���H �/�B�z�2�`�2�M�i�B���H

�b�+���i�i�2�`�B�M�; �+�`�Q�b�b �b�2�+�i�B�Q�M �r�?�B�+�? �b�2�`�p�2�b ���b �i�?�2 �K�B�+�`�Q�b�+�Q�T�B�+ �B�M�T�m�i �i�Q �i�?�B�b �b�Q�H�m�i�B�Q�M �K�2�i�?�Q�/�X

���/�/�B�i�B�Q�M���H �+�Q�H�H�B�b�B�Q�M �Q�T�2�`���i�Q�`�b �?���p�2 �#�2�2�M �T�`�Q�T�Q�b�2�/ �i�Q �+�Q�K�T�m�i�2 �`���i�2�b �Q�7 �+�?���M�;�2 �/�m�2 �i�Q

�M�Q�M�@�+�Q�M�b�2�`�p���i�B�p�2 �+�Q�H�H�B�b�B�Q�M�b �b�m�+�? ���b ���i�i���+�?�K�2�M�i ���M�/ �B�Q�M�B�b���i�B�Q�M �(�d�e�- �d�3�- �d�N�)�X

�q�B�i�?�B�M �T�H���b�K���b�- �p���`�B�Q�m�b �i�v�T�2�b �Q�7 �+�Q�H�H�B�b�B�Q�M�b �Q�+�+�m�` �#�2�i�r�2�2�M �i�?�2 �p���`�B�Q�m�b �b�T�2�+�B�2�b

�U�2�H�2�+�i�`�Q�M�b�- �B�Q�M�b�- �M�2�m�i�`���H�b�V�X �� �F�M�Q�r�H�2�/�;�2 �Q�7 �+�?���`�;�2�/ �T���`�i�B�+�H�2 �+�Q�H�H�B�b�B�Q�M�b �B�b �2�b�b�2�M�i�B���H �i�Q

���+�+�m�`���i�2�H�v �K�Q�/�2�H �i�?�2 �+�Q�H�H�B�b�B�Q�M �/�v�M���K�B�+�b �Q�7 �� �H�Q�r�@�i�2�K�T�2�`���i�m�`�2 �T�H���b�K���X �6�Q�` �i�?�2 �i�v�T�2�b

�Q�7 �T�H���b�K���b �B�M�p�2�b�i�B�;���i�2�/ �B�M �i�?�B�b �b�i�m�/�v�- �i�?�2 �+�Q�H�H�B�b�B�Q�M�b �Q�7 �T�`�B�K���`�v �+�Q�M�+�2�`�M ���`�2 �i�?�Q�b�2 �Q�7

�+�?���`�;�2�/ �T���`�i�B�+�H�2�b �r�B�i�? �i�?�2 �i���`�;�2�i �M�2�m�i�`���H �b�T�2�+�B�2�b�X �*�Q�H�H�B�b�B�Q�M�b �#�2�i�r�2�2�M �B�Q�M�b ���M�/ �2�H�2�+�i�`�Q�M�b

�i�?�2�K�b�2�H�p�2�b �K���v �Q�+�+�m�`�- �i�?�`�Q�m�;�? �`�2�+�Q�K�#�B�M���i�B�Q�M �Q�` �*�Q�m�H�Q�K�# �b�+���i�i�2�`�B�M�;�- �#�m�i �B�i �?���b �#�2�2�M

�*�?���T�i�2�` �R�X �A�M�i�`�Q�/�m�+�i�B�Q�M �d



�:���`�H���M�/�- �L���i�?���M �1�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i �K�Q�/�2�H�B�M�; �B�M �;���b ���M�/ �H�B�[�m�B�/ �K�2�/�B��

�M�Q�i�2�/ �B�M �H�B�i�2�`���i�m�`�2 �i�?���i �7�Q�` �i�?�2 �/�2�M�b�B�i�B�2�b �T�2�`�i�B�M�2�M�i �i�Q �H�Q�r�@�i�2�K�T�2�`���i�m�`�2 �T�H���b�K���b �i�?�2�b�2

�b�+���i�i�2�`�B�M�; �T�`�Q�+�2�b�b�2�b ���`�2 �M�2�;�H�B�;�B�#�H�2 �+�Q�K�T���`�2�/ �i�Q �M�2�m�i�`���H �i���`�;�2�i �b�+���i�i�2�`�B�M�; �(�d�e�- �3�y�)�X

���������� �(�O�H�F�W�U�R�Q �V�F�D�W�W�H�U�L�Q�J �L�Q �O�L�T�X�L�G�V

�l�T �i�Q �i�?�B�b �T�Q�B�M�i�- �i�?�2 �i�`�2���i�K�2�M�i �Q�7 �+�?���`�;�2�/ �T���`�i�B�+�H�2 �+�Q�H�H�B�b�B�Q�M�b �r�B�i�? �/�B�H�m�i�2 �;���b �b�T�2�+�B�2�b

�?���b �#�2�2�M �m�M�/�2�` �i�?�2 ���b�b�m�K�T�i�B�Q�M �i�?���i �2���+�? �B�M�+�Q�K�B�M�; �T���`�i�B�+�H�2 �B�M�i�2�`���+�i�b �b�Q�H�2�H�v �r�B�i�? �Q�M�2

�M�2�m�i�`���H �i���`�;�2�i�X �q�?�2�M �;���b �/�2�M�b�B�i�B�2�b�-n0�- ���`�2 �b�m�{�+�B�2�M�i�H�v �?�B�;�?�- �Q�` �B�7 ���M�v �H�B�[�m�B�/ �/�B�b�+�?���`�;�2

�B�b �+�Q�M�b�B�/�2�`�2�/�- �i�?�2 �2�z�2�+�i�b �Q�7 �#�`�B�M�;�B�M�; ���/�D���+�2�M�i �M�2�m�i�`���H �i���`�;�2�i�b �+�H�Q�b�2 �i�Q�;�2�i�?�2�` �K�m�b�i �#�2

�+�Q�M�b�B�/�2�`�2�/�X �h�?�2 �K���D�Q�` �b�+���i�i�2�`�B�M�; �2�z�2�+�i�b �i�?���i ���`�2 �B�M�i�`�Q�/�m�+�2�/ ���i �i�?�2�b�2 �/�2�M�b�B�i�B�2�b ���`�2

�+�Q�?�2�`�2�M�i �2�H���b�i�B�+ �b�+���i�i�2�`�B�M�; ���M�/ �B�M�i�2�`���+�i�B�Q�M �T�Q�i�2�M�i�B���H �b�+�`�2�2�M�B�M�; �(�R�k�- �9�3�- �8�d�- �3�R�)�X �h�?�2�b�2

�/�2�M�b�B�i�v�@�/�2�T�2�M�/�2�M�i �b�+���i�i�2�`�B�M�; �2�z�2�+�i�b �K�m�b�i �#�2 �+�Q�M�b�B�/�2�`�2�/ �r�?�2�M �i�?�2 �B�M�+�Q�K�B�M�; �+�?���`�;�2�/

�T���`�i�B�+�H�2 �/�2 �"�`�Q�;�H�B�2 �r���p�2�H�2�M�;�i�?�-� �/�" = h/p �r�?�2�`�2h �B�b �i�?�2 �S�H���M�+�F �+�Q�M�b�i���M�i ���M�/p �B�b �i�?�2

�2�H�2�+�i�`�Q�M �K�Q�K�2�M�i�m�K�- �B�b �Q�M �i�?�2 �Q�`�/�2�` �Q�7 �i�?�2 ���p�2�`���;�2 �B�M�i�2�`�K�Q�H�2�+�m�H���` �b�T���+�B�M�;n�1/3
0 �(�9�3�)�X

�6�Q�` �?�2���p�v �+�?���`�;�2�/ �T���`�i�B�+�H�2�b �b�m�+�? ���b �B�Q�M�b �i�?�2 �b�B�M�;�H�2 �b�+���i�i�2�`�B�M�; �H�B�K�B�i �7�Q�` �/�B�H�m�i�2 �;���b�2�b �K���v

�#�2 �m�b�2�/�X �P�M �i�?�2 �Q�i�?�2�` �?���M�/�- �r�?�2�M �+�Q�M�b�B�/�2�`�B�M�; �i�`���M�b�T�Q�`�i �Q�7 �H�B�;�?�i �+�?���`�;�2�/ �T���`�i�B�+�H�2�b�- �H�B�F�2

�2�H�2�+�i�`�Q�M�b�- �B�M �p�2�`�v �/�2�M�b�2 �~�m�B�/�b �i�?�2� �/�" � n�1/3
0 �+�`�B�i�2�`�B�Q�M �B�b ���T�T�`�Q���+�?�2�/ ���M�/ �+�Q�M�b�2�[�m�2�M�i�H�v

�H�B�[�m�B�/ �T�?���b�2 �b�+���i�i�2�`�B�M�; �T�?�2�M�Q�K�2�M�� �K�m�b�i �#�2 �+�Q�M�b�B�/�2�`�2�/�X

���b �i�?�2 �M�2�m�i�`���H �/�2�M�b�B�i�v �Q�7 �� �K�2�/�B�m�K �B�M�+�`�2���b�2�b �#�2�v�Q�M�/ �i�?���i �Q�7 �� �/�B�H�m�i�2 �;���b�- �b�m�+�? ���b �i�?���i

�Q�7 �� �/�2�M�b�2 �;���b �Q�` �H�B�[�m�B�/�- �i�?�2 �#�B�M���`�v �b�+���i�i�2�`�B�M�; ���T�T�`�Q�t�B�K���i�B�Q�M �Q�7 ���M �B�M�+�Q�K�B�M�; �2�H�2�+�i�`�Q�M

�B�M�i�2�`���+�i�B�M�; �b�Q�H�2�H�v �r�B�i�? �Q�M�2 �i���`�;�2�i �#�`�2���F�b �/�Q�r�M�X �A�M �i�?�B�b �?�B�;�? �/�2�M�b�B�i�v �`�2�;�B�K�2�- ���/�D���+�2�M�i

�M�2�m�i�`���H �b�T�2�+�B�2�b �2�t�T�2�`�B�2�M�+�2 �i�2�K�T�Q�`���H ���M�/ �b�T���i�B���H �+�Q�`�`�2�H���i�B�Q�M�b �#�2�i�r�2�2�M �Q�M�2 ���M�Q�i�?�2�` ���M�/

�+�Q�H�H�2�+�i�B�p�2�H�v �K�Q�/�B�7�v �2�H���b�i�B�+ �2�H�2�+�i�`�Q�M �b�+���i�i�2�`�B�M�;�- �`�2�b�m�H�i�B�M�; �B�M �+�Q�?�2�`�2�M�i �b�+���i�i�2�`�B�M�; �(�R�k�- �R�8�- �3�R�)�X

�h�Q ���b�b�B�b�i �B�M �[�m���M�i�B�i���i�B�p�2�H�v �/�2�b�+�`�B�#�B�M�; �+�Q�?�2�`�2�M�i �b�+���i�i�2�`�B�M�;�- �i�?�2 �b�B�M�;�H�2 �b�+���i�i�2�`�B�M�; �+�H���b�b�B�+���H

�/�2�b�+�`�B�T�i�B�Q�M �K�m�b�i �#�2 �`�2�+�Q�M�b�B�/�2�`�2�/ ���b �� �T���`�i�B�+�H�2 �r���p�2 �B�M�+�B�/�2�M�i �Q�M �K�m�H�i�B�T�H�2 �b�+���i�i�2�`�B�M�;

�+�2�M�i�`�2�b ���b �b�?�Q�r�M �B�M �6�B�;�m�`�2 �R�X�e�- �r�?�2�`�2 �i�?�2 �+�H���b�b�B�+���H �T�`�Q�T�2�`�i�B�2�b ���`�2 �i�`���M�b�H���i�2�/ �i�Q �2�[�m�B�p���H�2�M�i

�r���p�2 �T�`�Q�T�2�`�i�B�2�b �Q�7 �r���p�2 �M�m�K�#�2�`�-k �- ���M�/ ���M�;�m�H���` �7�`�2�[�m�2�M�+�v�-! �-

~k = mev; �U�R�X�9�V

~! =
1
2

mev2: �U�R�X�8�V

�*�?���T�i�2�` �R�X �A�M�i�`�Q�/�m�+�i�B�Q�M �3



�:���`�H���M�/�- �L���i�?���M �1�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i �K�Q�/�2�H�B�M�; �B�M �;���b ���M�/ �H�B�[�m�B�/ �K�2�/�B��

 �,k

 �',k'

Atomic targets

Focus atom

�6�B�;�m�`�2 �R�X�e�, �a�+�?�2�K���i�B�+ �B�M�i�2�`���+�i�B�Q�M �Q�7 ���M �B�M�+�Q�K�B�M�; �2�H�2�+�i�`�Q�M �r���p�2 �T���+�F�2�i �+�Q�?�2�`�2�M�i�H�v
�b�+���i�i�2�`�B�M�; �7�`�Q�K �K�m�H�i�B�T�H�2 �b�+���i�i�2�`�B�M�; �+�2�M�i�`�2�b�- �B�M�b�i�2���/ �Q�7 �� �}�t�2�/ �+�2�M�i�`�2�- �i�Q ���M �Q�m�i�;�Q�B�M�;
�r���p�2 �T���+�F�2�i�X

�"�v �M�Q�r �+�Q�M�b�B�/�2�`�B�M�; �i�?�2 �2�H�2�+�i�`�Q�M ���b �� �r���p�2 �� �/�Q�m�#�H�2 �/�B�z�2�`�2�M�i�B���H �+�`�Q�b�b �b�2�+�i�B�Q�M �+���M �#�2

�7�Q�`�K�m�H���i�2�/ �i�Q �/�2�b�+�`�B�#�2 �2�H�2�+�i�`�Q�M �b�+���i�i�2�`�B�M�; �B�M �� �b�i�`�m�+�i�m�`�2�/ �K�2�/�B�m�K ���b �i�?�2 �T�`�Q�/�m�+�i �Q�7�,

�U�B�V �� �b�B�M�;�H�2 �T���`�i�B�+�H�2 �/�B�z�2�`�2�M�i�B���H �+�`�Q�b�b �b�2�+�i�B�Q�M �B�M �i�?�2 �H���# �7�`���K�2� �H���#

�
j�k j ; k̂ 0

�
�- ���M�/ �U�B�B�V

�i�?�2 �/�v�M���K�B�+ �b�i�`�m�+�i�m�`�2 �7���+�i�Q�`�-S (k ; �! ) �(�3�k�)

d�

dk̂ 0d! 0
= � �H���#

�
j�k j ; k̂ 0

�
S (k ; �! ) ; �U�R�X�e�V

�r�?�2�`�2̂k �B�b �i�?�2 �m�M�B�i �p�2�+�i�Q�` �/�2�M�Q�i�B�M�; �r���p�2 �M�m�K�#�2�` �/�B�`�2�+�i�B�Q�M�-�k = k � k 0 �B�b �i�?�2 �+�?���M�;�2

�B�M �r���p�2 �p�2�+�i�Q�`�- ���M�/�! = ! � ! 0 �B�b �i�?�2 �+�?���M�;�2 �B�M �2�M�2�`�;�v �/�m�2 �i�Q �i�?�2 �+�Q�?�2�`�2�M�i �B�M�i�2�`���+�i�B�Q�M

�r�B�i�? �i�?�2 �b�i�`�m�+�i�m�`�2�/ �K�2�/�B�m�K�X

�h�?�2 �b�B�M�;�H�2 �T���`�i�B�+�H�2 �/�B�z�2�`�2�M�i�B���H �+�`�Q�b�b �b�2�+�i�B�Q�M�-� �H���#�- �B�b �`�2�H���i�2�/ �i�Q �i�?�2 �B�M�i�2�`���+�i�B�Q�M

�T�Q�i�2�M�i�B���H �2�t�T�2�`�B�2�M�+�2�/ �#�v �� �b�B�M�;�H�2 �B�M�+�Q�K�B�M�; �2�H�2�+�i�`�Q�M�- �r�?�B�+�? �K���v �2�t�T�2�`�B�2�M�+�2 �K�Q�/�B�}�+���i�B�Q�M�b

�7�`�Q�K �i�?�2 �;���b �T�?���b�2 �+�`�Q�b�b �b�2�+�i�B�Q�M �/�m�2 �i�Q �+�Q�H�H�2�+�i�B�p�2 �T�Q�i�2�M�i�B���H �b�+�`�2�2�M�B�M�; �2�z�2�+�i�b �i�Q �#�2 �Q�m�i�H�B�M�2�/

�B�M �i�?�2 �M�2�t�i �b�2�+�i�B�Q�M�X �h�?�2 �/�v�M���K�B�+ �b�i�`�m�+�i�m�`�2 �7���+�i�Q�` �B�b �/�2�}�M�2�/ ���b �i�?�2 �6�Q�m�`�B�2�` �i�`���M�b�7�Q�`�K

�Q�7 �i�?�2 �b�T���+�2�@�i�B�K�2 �T���B�`�@�/�B�b�i�`�B�#�m�i�B�Q�M �7�m�M�+�i�B�Q�M�X �A�M �T�`���+�i�B�+�2�- �?�Q�r�2�p�2�`�- �Q�M�2 �+���M �2�p���H�m���i�2 �i�?�2

�2�z�2�+�i�b �i�?�`�Q�m�;�? �� �F�M�Q�r�H�2�/�;�2 �Q�7 �i�?�2 �b�i���i�B�+ �b�i�`�m�+�i�m�`�2 �7���+�i�Q�`�-S (K )�- �i�?�`�Q�m�;�? �2�t�T���M�/�B�M�;

S (k ; �! ) ���#�Q�m�i �� �b�K���H�H �`�2�H���i�B�p�2 �2�M�2�`�;�v �2�t�+�?���M�;�2�-�! / 1
2mev2 �(�9�3�)�X �h�?�2 �b�i���i�B�+ �b�i�`�m�+�i�m�`�2

�7���+�i�Q�`�-S (K )�- �B�b �+�Q�K�T�m�i�2�/ �p�B�� �i�?�2 �6�Q�m�`�B�2�` �i�`���M�b�7�Q�`�K �Q�7 �i�?�2 �T���B�` �+�Q�`�`�2�H���i�B�Q�M �7�m�M�+�i�B�Q�M�-

�r�?�B�+�? �+���M �#�2 �Q�#�i���B�M�2�/ ���M���H�v�i�B�+���H�H�v �7�Q�` �b�B�K�T�H�2 �B�M�i�2�`���+�i�B�Q�M �T�Q�i�2�M�i�B���H�b �(�3�j�)�- �7�`�Q�K �K�Q�H�2�+�m�H���`

�/�v�M���K�B�+�b �b�B�K�m�H���i�B�Q�M�b �(�3�9�)�- �Q�` �K�2���b�m�`�2�/ �2�t�T�2�`�B�K�2�M�i���H�H�v �i�?�`�Q�m�;�? �M�2�m�i�`�Q�M �b�+���i�i�2�`�B�M�; �(�3�8�)�X

�h�?�2 �b�i���i�B�+ �b�i�`�m�+�i�m�`�2 �7���+�i�Q�` �T�`�Q�p�B�/�2�b �B�M�7�Q�`�K���i�B�Q�M �Q�M �?�Q�r �b�T���i�B���H�H�v �+�Q�`�`�2�H���i�2�/ �b�+���i�i�2�`�B�M�;

�+�2�M�i�`�2�b ���`�2 �B�M �i�?�2 �/�2�M�b�2 �K�2�/�B�m�K�c �B�/�2���H �H�B�K�B�i�b �Q�7 �b�i���i�B�+ �b�i�`�m�+�i�m�`�2 �7���+�i�Q�`�b �7�Q�` �i�?�2 �i�?�`�2�2

�b�i���i�2�b �Q�7 �K���i�i�2�` ���`�2 �/�2�K�Q�M�b�i�`���i�2�/ �B�M �6�B�;�m�`�2 �R�X�d�X

�*�?���T�i�2�` �R�X �A�M�i�`�Q�/�m�+�i�B�Q�M �N



�:���`�H���M�/�- �L���i�?���M �1�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i �K�Q�/�2�H�B�M�; �B�M �;���b ���M�/ �H�B�[�m�B�/ �K�2�/�B��

� kz

S

1

Liquid
Crystal

Gas

2 �
d

4 �
d

6 �
d

�6�B�;�m�`�2 �R�X�d�, �h�v�T�B�+���H �b�i���i�B�+ �b�i�`�m�+�i�m�`�2 �7���+�i�Q�`�b �7�Q�` �;���b�- �H�B�[�m�B�/�- ���M�/ �b�Q�H�B�/ �U�+�`�v�b�i���H�V �b�i���i�2�b �Q�7
�K���i�i�2�`�- �r�?�2�`�2d �B�b �i�?�2 �+�`�v�b�i���H �B�M�i�2�`���i�Q�K�B�+ �/�B�b�i���M�+�2�X

�P�M�H�v �2�H���b�i�B�+ �+�Q�H�H�B�b�B�Q�M�b ���`�2 �+�Q�?�2�`�2�M�i �B�M �M���i�m�`�2�- ���M�/ �?�2�M�+�2 �B�M�~�m�2�M�+�2�/ �#�v �i�?�2 �b�i�`�m�+�i�m�`�2 �Q�7

�i�?�2 �K�2�/�B�m�K�X �A�M �B�M�2�H���b�i�B�+ �+�Q�H�H�B�b�B�Q�M�b�- �b�m�+�? ���b �2�t�+�B�i���i�B�Q�M �Q�` �B�Q�M�B�b���i�B�Q�M�- �2�M�2�`�;�v �B�b �i�`���M�b�7�2�`�`�2�/

�Q�M �� �H�Q�+���H�B�b�2�/ �b�B�i�2 �/�m�`�B�M�; �b�+���i�i�2�`�B�M�;�- �r�?�B�+�? �K���F�2�b �� �T���`�i�B�+�m�H���` �i���`�;�2�i ���i�Q�K�f�K�Q�H�2�+�m�H�2

�/�B�b�i�B�M�;�m�B�b�?���#�H�2 �7�`�Q�K �B�i�b �M�2�B�;�?�#�Q�m�`�b�X ���b �� �`�2�b�m�H�i �i�?�2�b�2 �b�+���i�i�2�`�B�M�; �2�p�2�M�i�b ���`�2 �B�M�+�Q�?�2�`�2�M�i

���M�/ �B�M�i�2�`�7�2�`�2�M�+�2 �2�z�2�+�i�b ���`�2 �M�Q�i �+�Q�M�b�B�/�2�`�2�/ �(�R�8�- �9�3�)�X �h�?�2�`�2 �B�b ���M ���M���H�Q�;�Q�m�b �2�z�2�+�i �7�Q�`

�B�M�2�H���b�i�B�+ �+�Q�H�H�B�b�B�Q�M�b�- �r�?�B�+�? �B�b �/�m�2 �i�Q �+�Q�H�H�2�+�i�B�p�2 �2�t�+�B�i���i�B�Q�M�b�X �h�?�B�b �Q�+�+�m�`�b �r�?�2�M �i�?�2 �2�t�+�B�i�2�/

�b�i���i�2 �B�M �i�?�2 �H�B�[�m�B�/ �+���M �#�2 �/�2�H�Q�+���H�B�b�2�/ ���+�`�Q�b�b �b�2�p�2�`���H �K�Q�H�2�+�m�H�2�b�c �i�?�B�b �2�z�2�+�i �+���M �#�2 �b�2�2�M �B�M

�2�H�2�+�i�`�Q�M �2�M�2�`�;�v �H�Q�b�b �b�T�2�+�i�`�� �(�9�R�- �e�j�- �3�R�)�X

�A�M ���/�/�B�i�B�Q�M �i�Q �i�?�2 �2�z�2�+�i�b �Q�7 �+�Q�?�2�`�2�M�i �b�+���i�i�2�`�B�M�; �Q�M �2�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i �B�M �H�B�[�m�B�/�b�-

�i�?�2 �b�+�`�2�2�M�B�M�; �Q�7 �i�?�2 �2�H�2�+�i�`�Q�M�@�M�2�m�i�`���H �B�M�i�2�`���+�i�B�Q�M �T�Q�i�2�M�i�B���H �K�m�b�i �#�2 �+�Q�M�b�B�/�2�`�2�/�X �h�?�B�b

�b�+�`�2�2�M�B�M�; �2�z�2�+�i �Q�+�+�m�`�b �#�2�+���m�b�2 �K�Q�`�2 �i�?���M �Q�M�2 �M�2�m�i�`���H �T���`�i�B�+�H�2 �B�b �b�B�;�M�B�}�+���M�i�H�v �T�Q�H���`�B�b�2�/

�#�v �i�?�2 �+�?���`�;�2�/ �T���`�i�B�+�H�2 ���i ���M�v �i�B�K�2�X �P�p�2�`�H���T�T�B�M�; �T�Q�H���`�B�b���i�B�Q�M �}�2�H�/�b ���+�i �i�Q �b�+�`�2�2�M

�i�?�2 �T�Q�H���`�B�b���i�B�Q�M �}�2�H�/ �Q�7 �M�2�B�;�?�#�Q�m�`�B�M�; �T�Q�H���`�B�b���#�H�2 �M�2�m�i�`���H �T���`�i�B�+�H�2�b �Q�p�2�`�H���T�b ���M�/ ���+�i�b

�i�Q �b�+�`�2�2�M �i�?�2 �H�Q�M�;�@�`���M�;�2 �T�Q�H���`�B�b���i�B�Q�M �T�Q�i�2�M�i�B���H �7�2�H�i �#�v ���M �B�M�+�Q�K�B�M�; �2�H�2�+�i�`�Q�M�X �h�?�2�b�2

�2�z�2�+�i�b ���M�/ �K�Q�/�B�}�+���i�B�Q�M�b �?���p�2 �#�2�2�M �`�2�+�2�M�i�H�v �b�i�m�/�B�2�/ �7�Q�` �b�B�K�T�H�2 ���i�Q�K�B�+ �H�B�[�m�B�/�b �(�R�k�- �R�8�)

�#�v �2�t�i�2�M�/�B�M�; �i�?�2 �7�Q�`�K���H�B�b�K �Q�7 �G�2�F�M�2�` �(�8�d�) �i�Q �+�Q�K�T�m�i�2 ���M �2�M�b�2�K�#�H�2 ���p�2�`���;�2 �T�Q�i�2�M�i�B���H�-

�i�?���i ���+�+�Q�m�M�i�b �7�Q�` �i�?�2 �+�Q�H�H�2�+�i�B�p�2 �2�z�2�+�i�b �Q�7 �b�i���i�B�+ ���M�/ �T�Q�H���`�B�b���i�B�Q�M �}�2�H�/�b �Q�7 �M�2���`�#�v ���i�Q�K�b

�Q�M �� �}�t�2�/ �b�+���i�i�2�`�B�M�; �+�2�M�i�`�2�X �h�?�B�b �2�M�b�2�K�#�H�2 ���p�2�`���;�2 �B�M�i�2�`���+�i�B�Q�M �T�Q�i�2�M�i�B���H �B�b �i�?�2�M �m�b�2�/

�i�Q �+�Q�K�T�m�i�2 ���M ���T�T�`�Q�T�`�B���i�2�H�v �K�Q�/�B�}�2�/ �b�B�M�;�H�2�@�b�+���i�i�2�`�B�M�; �/�B�z�2�`�2�M�i�B���H �+�`�Q�b�b �b�2�+�i�B�Q�M�-� �H���#�-

�B�M�i�`�Q�/�m�+�2�/ �B�M �i�?�2 �T�`�2�p�B�Q�m�b �b�2�+�i�B�Q�M�X �_�2�+�2�M�i �b�i�m�/�B�2�b �Q�7 �b�B�K�T�H�2 ���i�Q�K�B�+ �H�B�[�m�B�/�b �?���p�2 ���T�T�H�B�2�/

���M���# �B�M�B�i�B�Q�K�2�i�?�Q�/ �i�Q ���+�+�m�`���i�2�H�v ���+�+�Q�m�M�i �7�Q�` �i�?�2�b�2 �H�B�[�m�B�/ �b�+���i�i�2�`�B�M�; �2�z�2�+�i�b �B�M �i�?�2

�+���H�+�m�H���i�B�Q�M �Q�7 �2�H�2�+�i�`�Q�M �B�M�i�2�`���+�i�B�Q�M �+�`�Q�b�b �b�2�+�i�B�Q�M�b �(�R�k�- �R�8�- �3�R�)�X

�*�?���T�i�2�` �R�X �A�M�i�`�Q�/�m�+�i�B�Q�M �R�y



�:���`�H���M�/�- �L���i�?���M �1�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i �K�Q�/�2�H�B�M�; �B�M �;���b ���M�/ �H�B�[�m�B�/ �K�2�/�B��

���������� �$�O�W�H�U�Q�D�W�L�Y�H �V�W�R�F�K�D�V�W�L�F �P�R�G�H�O�L�Q�J �P�H�W�K�R�G�V

�q�?�B�H�2 �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �"�Q�H�i�x�K���M�M �2�[�m���i�B�Q�M �T�`�Q�p�B�/�2�b �� �/�2�i�2�`�K�B�M�B�b�i�B�+ ���T�T�`�Q���+�? �i�Q �+�Q�K�@

�T�m�i�B�M�; �i�?�2 �T�?���b�2 �b�T���+�2 �T���`�i�B�+�H�2 �/�B�b�i�`�B�#�m�i�B�Q�M �7�m�M�+�i�B�Q�M�- �b�i�Q�+�?���b�i�B�+ �K�2�i�?�Q�/�b ���`�2 �Q�7�i�2�M

�2�K�T�H�Q�v�2�/ �i�Q �b�B�K�m�H���i�2 �+�Q�H�H�B�b�B�Q�M �/�v�M���K�B�+�b ���M�/ �i�`���+�F �i�?�2 �2�p�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �+�?���`�;�2�/ �T���`�i�B�+�H�2

�/�B�b�i�`�B�#�m�i�B�Q�M �7�m�M�+�i�B�Q�M �B�M �� �H�Q�r�@�i�2�K�T�2�`���i�m�`�2 �T�H���b�K���X �a�i�Q�+�?���b�i�B�+ �b�B�K�m�H���i�B�Q�M �K�2�i�?�Q�/�b �7�Q�`

�H�Q�r�@�i�2�K�T�2�`���i�m�`�2 �T�H���b�K���b �;�2�M�2�`���H�H�v �B�M�+�H�m�/�2 �J�Q�M�i�2 �*���`�H�Q �U�J�*�V �K�2�i�?�Q�/�b �(�8�e�- �e�8�- �3�e�- �3�d�)

�Q�` �?�v�#�`�B�/ �S���`�i�B�+�H�2�@�B�M�@�+�2�H�H �U�S�A�*�V �K�Q�/�2�H�b �i�?���i �m�b�2 �J�* �K�2�i�?�Q�/�b �i�Q �b�i�Q�+�?���b�i�B�+���H�H�v �T�`�2�/�B�+�i

�+�Q�H�H�B�b�B�Q�M �2�p�2�M�i�b �(�3�3���N�y�)�X �h�?�`�Q�m�;�? �i�?�2 �b�i���i�B�b�i�B�+���H �T�Q�r�2�` �Q�7 �?���p�B�M�; �� �H���`�;�2 �b���K�T�H�2 �Q�7

�i�2�b�i �T���`�i�B�+�H�2�b�- ���M�/ �`�m�M�M�B�M�; �K���M�v �`�2�T�2���i�2�/ �b�B�K�m�H���i�B�Q�M�b �7�Q�` �� �;�B�p�2�M �+�Q�M�}�;�m�`���i�B�Q�M�- ���M

���T�T�`�Q�t�B�K���i�B�Q�M �i�Q �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �7�m�M�+�i�B�Q�M�- ���M�/ �?�2�M�+�2 �2�M�b�2�K�#�H�2 ���p�2�`���;�2�/ �[�m���M�i�B�i�B�2�b

�/�2�b�+�`�B�#�B�M�; �/�B�b�+�?���`�;�2 �#�2�?���p�B�Q�m�`�- �+���M �#�2 �7�Q�m�M�/�X

�h�?�2 �;�2�M�2�`���H �T�`�2�b�+�`�B�T�i�B�Q�M �7�Q�` �i�?�2�b�2 �K�2�i�?�Q�/�b �B�b �i�Q �#�2�;�B�M �r�B�i�? �� �F�M�Q�r�M �M�m�K�#�2�` �Q�7

�T���`�i�B�+�H�2�b ���M�/ �i�?�2�M �K�Q�M�B�i�Q�` �i�?�2 �M�m�K�#�2�`�- �T�Q�b�B�i�B�Q�M�b�- ���M�/ �p�2�H�Q�+�B�i�B�2�b �Q�7 �i�?�2�b�2 �T���`�i�B�+�H�2�b ���b

�i�?�2 �/�B�b�+�?���`�;�2 �2�p�Q�H�p�2�b �Q�p�2�` �i�B�K�2�X �h�?�2�b�2 �K�2�i�?�Q�/�b �b�i�Q�+�?���b�i�B�+���H�H�v �T�`�2�/�B�+�i �+�Q�H�H�B�b�B�Q�M�b �i�Q

�b�B�K�m�H���i�2 �i�?�2 �2�z�2�+�i�b �Q�7 �+�Q�H�H�B�b�B�Q�M �2�p�2�M�i�b �Q�M �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �7�m�M�+�i�B�Q�M�- ���M�/ �/�2�i�2�`�K�B�M�B�b�i�B�+

�2�t�T�`�2�b�b�B�Q�M�b �7�Q�` �i�?�2 �2�[�m���i�B�Q�M�b �Q�7 �K�Q�i�B�Q�M ���`�2 �m�b�2�/ �i�Q �b�i�2�T�@�7�Q�`�r���`�/ �B�M �i�B�K�2 �i�Q �T�`�2�/�B�+�i

�T���`�i�B�+�H�2 �p�2�H�Q�+�B�i�B�2�b ���M�/ �T�Q�b�B�i�B�Q�M�b

�p(t 0 + �t) = �p(t 0) +
Z t0+�t

t0

�� (t) dt; �U�R�X�d�V

�`(t 0 + �t) = �`(t 0) +
Z t0+�t

t0

�p(t) dt; �U�R�X�3�V

�r�?�2�`�2�t �B�b �� �b�m�{�+�B�2�M�i�H�v �b�K���H�H �i�B�K�2 �B�M�+�`�2�K�2�M�i �7�`�Q�K �i�?�2 �+�m�`�`�2�M�i �i�B�K�2�-t0�- �;�2�M�2�`���H�H�v

�H�B�K�B�i�2�/ �#�v �i�?�2 �T�`�Q�+�2�b�b �r�B�i�? �i�?�2 �?�B�;�?�2�b�i �+�Q�H�H�B�b�B�Q�M �7�`�2�[�m�2�M�+�v �Q�` �� �*�Q�m�`���M�i�@�6�`�B�2�/�`�B�+�?�@�G�2�r�v

�U�*�6�G�V �+�Q�M�/�B�i�B�Q�M �(�3�3�)�X

�A�M ���/�/�B�i�B�Q�M �i�Q �m�b�B�M�; �i�?�2 �2�[�m���i�B�Q�M�b �Q�7 �K�Q�i�B�Q�M�U�R�X�d�V�@�U�R�X�3�V�7�Q�` �T�`�2�/�B�+�i�B�M�; �� �T���`�i�B�+�H�2�ö�b

�T�?���b�2�@�b�T���+�2 �T�Q�b�B�i�B�Q�M�- �i�?�2 �b�+�?�2�K�2 �r�B�H�H ���/�/ �Q�` �`�2�K�Q�p�2 �T���`�i�B�+�H�2�b �2�M�i�2�`�B�M�; �Q�` �H�2���p�B�M�; �i�?�2

�b�v�b�i�2�K �#�Q�m�M�/���`�B�2�b�X �6�m�`�i�?�2�`�K�Q�`�2�- �Q�M�+�2 �i�`���M�b�T�Q�`�i ���M�/ �+�Q�H�H�B�b�B�Q�M �T�`�Q�+�2�b�b�2�b �?���p�2 �#�2�2�M

�+�Q�K�T�m�i�2�/�- �i�?�2 �b�2�H�7�@�+�Q�M�b�B�b�i�2�M�i �2�H�2�+�i�`�B�+ �}�2�H�/ �B�b �+�Q�K�T�m�i�2�/ �m�b�B�M�; �S�Q�B�b�b�Q�M�ö�b �2�[�m���i�B�Q�M �7�Q�`

�i�?�2 �M�2�t�i �i�B�K�2�@�b�i�2�T �Q�7 �i�?�2 �b�B�K�m�H���i�B�Q�M�X �h�?�2 �T�`�Q�;�`���K �~�Q�r �7�Q�` �� �i�v�T�B�+���H �?�v�#�`�B�/ �S�A�*�@�J�*

�T�H���b�K�� �/�B�b�+�?���`�;�2 �b�B�K�m�H���i�B�Q�M �B�b �;�B�p�2�M �B�M �6�B�;�m�`�2 �R�X�3�- �b�?�Q�r�B�M�; �i�?�2 �+�Q�K�T�m�i���i�B�Q�M���H �b�2�[�m�2�M�+�2�b

�T�`�2�p�B�Q�m�b�H�v �/�2�b�+�`�B�#�2�/ �7�Q�` �� �?�v�#�`�B�/ �b�+�?�2�K�2�X

�*�?���T�i�2�` �R�X �A�M�i�`�Q�/�m�+�i�B�Q�M �R�R



�:���`�H���M�/�- �L���i�?���M �1�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i �K�Q�/�2�H�B�M�; �B�M �;���b ���M�/ �H�B�[�m�B�/ �K�2�/�B��

Step-forward in time

Compute particle positions
& velocities via

equations of motion

Apply boundary
conditions

Stochastic collision handling.
Update particle numbers

and velocities

Solve self-consistent
electromagnetic fields
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�i�B�K�2�b�- �Q�` ���i �T�Q�b�B�i�B�Q�M�b �/�B�b�i�B�M�+�i �7�`�Q�K �i�?�2 �T�Q�B�M�i �Q�7 �B�M�i�2�`�2�b�i�X �q�?�2�M �M�Q�M�@�H�Q�+���H �i�`���M�b�T�Q�`�i

�Q�+�+�m�`�b �B�M �� �T�H���b�K�� �/�B�b�+�?���`�;�2�- �+�?���`�;�2�/ �T���`�i�B�+�H�2 �i�`���M�b�T�Q�`�i �M�Q �H�Q�M�;�2�` �7�Q�H�H�Q�r�b �i�?�2 �H�Q�+���H

�B�M�b�i���M�i���M�2�Q�m�b �2�H�2�+�i�`�B�+ �}�2�H�/ �b�i�`�2�M�;�i�?�-E (z; t )�- �H�B�F�2 �B�i �;�2�M�2�`���H�H�v �r�Q�m�H�/ �B�M �� �?�v�/�`�Q�/�v�M���K�B�+

�`�2�;�B�K�2 �(�R�y�R�-�R�y�k�)�X �A�M �i�?�2�b�2 �`�2�;�B�K�2�b�- �B�i �?���b �#�2�2�M �/�2�K�Q�M�b�i�`���i�2�/ �i�?���i �2�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i �+���M

�#�2 �#�2�i�i�2�` �/�2�b�+�`�B�#�2�/ �#�v �i�?�2 �H�Q�+���H �K�2���M �2�M�2�`�;�v�-h�i(z; t )�- �`���i�?�2�` �i�?���M �i�?�2 �}�2�H�/ �b�i�`�2�M�;�i�?�-

E (z; t ) �(�N�j�- �R�y�R�)�X

�l�i�B�H�B�b�B�M�; �i�?�2 �b���K�2 �7�m�M�+�i�B�Q�M���H �7�Q�`�K �Q�7�U�R�X�R�k�V�- �� �T�Q�T�m�H���` �2�t�i�2�M�b�B�Q�M �Q�7 �i�?�2 �H�Q�+���H �}�2�H�/�-
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�7�Q�` �+�Q�H�H�B�b�B�Q�M �7�`�2�[�m�2�M�+�B�2�b ���M�/ �i�`���M�b�T�Q�`�i �+�Q�2�{�+�B�2�M�i�b �B�M �H�B�2�m �Q�7 �i�?�2 �`�2�/�m�+�2�/ �2�H�2�+�i�`�B�+ �}�2�H�/�-

E /n 0�X �h�?�B�b ���T�T�`�Q���+�? �?���b �#�2�2�M �/�2�K�Q�M�b�i�`���i�2�/ �i�Q �#�2 �;�2�M�2�`���H�H�v �K�Q�`�2 ���+�+�m�`���i�2 �B�M �`�2�b�Q�H�p�B�M�;

�M�Q�M�@�2�[�m�B�H�B�#�`�B�m�K �2�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i�- �+�Q�K�T���`�2�/ �i�Q �H�Q�+���H �}�2�H�/ ���T�T�`�Q�t�B�K���i�B�Q�M�b �(�R�y�R�)�X �A�M

�Q�`�/�2�` �i�Q �Q�#�i���B�M �i�?�2 �i�r�Q �/�`�B�7�i�@�/�B�z�m�b�B�Q�M �2�[�m���i�B�Q�M�b �7�Q�` �#�Q�i�? �M�m�K�#�2�` �/�2�M�b�B�i�v ���M�/ �K�2���M

�2�M�2�`�;�v �/�2�M�b�B�i�v�- �� �+�H�Q�b�m�`�2 �Q�M �i�?�2 �2�M�2�`�;�v �#���H���M�+�2 �2�[�m���i�B�Q�M �K�m�b�i �#�2 �m�b�2�/�X �*�Q�K�K�Q�M

�2�t���K�T�H�2�b �Q�7 �i�?�B�b �+�H�Q�b�m�`�2 ���`�2 �/�B�b�+�m�b�b�2�/ �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�2�+�i�B�Q�M�X

���������� �+�L�J�K�H�U �R�U�G�H�U �P�R�G�H�O�V

�A�M�b�i�2���/ �Q�7 ���b�b�m�K�B�M�; �M�2�;�H�B�;�B�#�H�2 �i�2�K�T�Q�`���H �;�`���/�B�2�M�i�b �Q�7 �2�H�2�+�i�`�Q�M �T���`�i�B�+�H�2 ���M�/ �2�M�2�`�;�v �~�m�t

�`�2�[�m�B�`�2�/ �i�Q �7�Q�`�K �i�?�2 �T�`�2�p�B�Q�m�b �/�`�B�7�i�@�/�B�z�m�b�B�Q�M �2�[�m���i�B�Q�M�b�- �`�2�+�2�M�i �b�i�m�/�B�2�b �(�3�N�- �N�8�- �R�y�9�)

�T�`�Q�T�Q�b�2 �i�Q �b�Q�H�p�2 �� �K�Q�`�2 �/�2�i���B�H�2�/ �b�2�i �Q�7 �#���H���M�+�2 �2�[�m���i�B�Q�M�b�X �h�?�B�b �Q�7�i�2�M �B�M�p�Q�H�p�2�b �� �b�v�b�i�2�K

�Q�7 �i�?�`�2�2 �Q�` �7�Q�m�` �2�[�m���i�B�Q�M�b �7�Q�` �i�?�2 �2�t�i�2�M�b�B�p�2 �[�m���M�i�B�i�B�2�b �Q�7 �/�2�M�b�B�i�v�-n�- �T���`�i�B�+�H�2 �~�m�t�-n hvi �-

�K�2���M �2�M�2�`�;�v �/�2�M�b�B�i�v�-n h�i �- ���M�/ �U�H�2�b�b �+�Q�K�K�Q�M�H�v�V �2�M�2�`�;�v �/�2�M�b�B�i�v �~�m�tn h�i �X �h�Q �+�H�Q�b�2

�i�?�2 �b�v�b�i�2�K �Q�7 �2�[�m���i�B�Q�M�b�- �K�Q�b�i ���T�T�`�Q���+�?�2�b �T�`�2�b�+�`�B�#�2 �7�Q�`�K�b �Q�M �i�?�2 �2�H�2�+�i�`�Q�M �T�`�2�b�b�m�`�2 ���M�/

�2�H�2�+�i�`�Q�M �?�2���i �~�m�t�X �1�H�2�+�i�`�Q�M �T�`�2�b�b�m�`�2�-�3�- �B�b ���+�+�2�b�b�B�#�H�2 �#�v �2�t�T���M�/�B�M�; �i�?�2 �m�M�F�M�Q�r�M �i�2�M�b�Q�`�-

h�p�pi�- �B�M �i�2�`�K�b �Q�7 �i�?�2 ���p�2�`���;�2 �p�2�H�Q�+�B�i�v�-h�pi�- ���M�/ �T�2�+�m�H�B���` �p�2�H�Q�+�B�i�v�-�o = �p� h�pi�-

nme h�p�pi = nme h�pi h�pi+ nme h�o�oi ;

nme h�p�pi = nme h�pi h�pi+ �3:

�:�2�M�2�`���H�H�v�- �K�Q�/�2�H�b ���b�b�m�K�2 ���M �B�b�Q�i�`�Q�T�B�+ �2�H�2�+�i�`�Q�M �p�2�H�Q�+�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M �7�m�M�+�i�B�Q�M �(�N�e�- �R�y�8�)�-

�r�?�B�+�? �v�B�2�H�/�b �� �/�B���;�Q�M���H �T�`�2�b�b�m�`�2 �i�2�M�b�Q�` �r�?�2�`�2 �i�?�2 �2�H�2�K�2�M�i�b ���`�2 �T�`�Q�T�Q�`�i�B�Q�M���H �i�Q �2�H�2�+�i�`�Q�M

�K�2���M �2�M�2�`�;�v
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2
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n h�i �–: �U�R�X�R�9�V

�A�M �`�2���H�B�i�v �i�?�2 �2�H�2�+�i�`�Q�M �p�2�H�Q�+�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M �7�m�M�+�i�B�Q�M �B�b �;�2�M�2�`���H�H�v ���M�B�b�Q�i�`�Q�T�B�+ ���M�/ �i�?�2

�T�`�2�b�b�m�`�2 �i�2�M�b�Q�` �?���b �T�2�`�T�2�M�/�B�+�m�H���` ���M�/ �T���`���H�H�2�H �U�i�Q �i�?�2 ���T�T�H�B�2�/ �2�H�2�+�i�`�B�+ �}�2�H�/�V �+�Q�K�T�Q�M�2�M�i�b�-

�r�?�B�+�? �v�B�2�H�/ �i�r�Q �T�2�`�T�2�M�/�B�+�m�H���` ���M�/ �T���`���H�H�2�H �#���H���M�+�2 �2�[�m���i�B�Q�M�b �7�`�Q�K �i�?�2 �2�H�2�+�i�`�Q�M �2�M�2�`�;�v

�#���H���M�+�2 �2�[�m���i�B�Q�M �(�R�y�e�)�X �h�?�B�b �K�2�i�?�Q�/ �Q�7 �`�2�b�Q�H�p�B�M�; �i�?�2 �T�`�2�b�b�m�`�2 �i�2�M�b�Q�` �+���M �#�2 �+�Q�M�b�B�/�2�`�2�/

�K�Q�`�2 ���+�+�m�`���i�2�- ���H�i�?�Q�m�;�? ���/�/�b �+�Q�K�T�H�2�t�B�i�v �i�Q �i�?�2 �+�Q�K�T�m�i���i�B�Q�M���H �b�v�b�i�2�K�X

���H�Q�M�; �r�B�i�? �i�?�2 �T�`�2�b�b�m�`�2 �i�2�M�b�Q�`�- �i�?�2 �2�H�2�+�i�`�Q�M �?�2���i �~�m�t�-�Cq�- �B�b �Q�7�i�2�M �m�b�2�/ �i�Q �i�`�m�M�+���i�2

�i�?�2 �?�B�2�`���`�+�?�v �Q�7 �2�[�m���i�B�Q�M�b ���i �i�?�2 �2�M�2�`�;�v �#���H���M�+�2 �b�i���;�2�X �h�?�2 �?�2���i �~�m�t �+���M �#�2 �Q�#�i���B�M�2�/

�#�v �2�t�T���M�/�2�/ �i�?�2 �2�M�2�`�;�v �~�m�t �B�M �i�2�`�K�b �Q�7 ���p�2�`���;�2 ���M�/ �`�2�H���i�B�p�2 �p�2�H�Q�+�B�i�B�2�b
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n
�
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2

mv2�p
�

= n h�i h�pi + h�pi ��3+ �Cq:

�h�Q �i�`�m�M�+���i�2 �i�?�B�b �b�v�b�i�2�K �Q�7 �2�[�m���i�B�Q�M�b �K���M�v �r�Q�`�F�b �(�R�y�d���R�R�y�) �m�i�B�H�B�b�2�U�R�X�R�9�V�i�Q �+�H�Q�b�2 �i�?�2

�T�`�2�b�b�m�`�2 �i�2�M�b�Q�` ���M�/ �7���p�Q�m�` �b�B�K�T�H�2�- ���H�#�2�B�i �T�?�v�b�B�+���H�H�v �[�m�2�b�i�B�Q�M���#�H�2�- �+�H�Q�b�m�`�2�b �7�Q�` �i�?�2 �?�2���i

�*�?���T�i�2�` �R�X �A�M�i�`�Q�/�m�+�i�B�Q�M �R�e
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�~�m�t�X �P�7�i�2�M�- �� �6�Q�m�`�B�2�` �G���r �i�`�2���i�K�2�M�i �Q�7 �i�?�2 �2�H�2�+�i�`�Q�M �?�2���i �~�m�t �(�N�e�- �R�R�y�) �B�b �m�b�2�/

�Cq � �r h �i ;

�r�?�2�`�2� �B�b �� �i�?�2�`�K���H �+�Q�M�/�m�+�i�B�p�B�i�v�X ���/�/�B�i�B�Q�M���H�H�v�- �b�Q�K�2 �r�Q�`�F�b �b�B�K�T�H�v �M�2�;�H�2�+�i �i�?�2 �?�2���i

�~�m�t�-�Cq = 0 �- �B�M �Q�`�/�2�` �i�Q �K���F�2 �i�?�2 �b�v�b�i�2�K �Q�7 �2�[�m���i�B�Q�M�b �i�2�M���#�H�2 �(�N�j�- �N�e�)�X

�_�2�+�2�M�i�H�v�- �� �T�?�v�b�B�+���H�H�v ���+�+�m�`���i�2 �+�H�Q�b�m�`�2 ���M�b���i�x �Q�7 �i�?�2 �2�H�2�+�i�`�Q�M �?�2���i �~�m�t �?���b �#�2�2�M

�T�`�Q�T�Q�b�2�/ ���M�/ �#�2�M�+�?�K���`�F�2�/ �7�Q�` �2�H���b�i�B�+ ���M�/ �B�M�2�H���b�i�B�+ �+�Q�H�H�B�b�B�Q�M�b �(�N�e���N�3�) �B�M �`�2�H���i�B�p�2�H�v �b�B�K�T�H�2

�+�Q�H�H�B�b�B�Q�M �K�Q�/�2�H�b�X �q�?�B�H�2 �i�?�B�b �+�H�Q�b�m�`�2 ���M�b���i�x �r���b �/�2�K�Q�M�b�i�`���i�2�/ �i�Q �#�2 ���+�+�m�`���i�2 �7�Q�` ���M���H�v�i�B�+

�+�Q�H�H�B�b�B�Q�M �K�Q�/�2�H�b�- ���T�T�H�B�+���i�B�Q�M �i�Q �M�Q�M�@�i�`�B�p�B���H �/�B�b�+�?���`�;�2�b �B�b �H�B�K�B�i�2�/ �#�2�+���m�b�2 �i�?�2 ���M�b���i�x

�`�2�[�m�B�`�2�b �i�m�M�B�M�; �Q�7 �T���`���K�2�i�2�`�b �7�Q�` �2���+�? �/�B�b�+�?���`�;�2 �+�Q�M�}�;�m�`���i�B�Q�M�X �6�B�M���H�H�v�- �`�2�+�2�M�i �b�i�m�/�B�2�b

�Q�7 �"�2�+�F�2�`�2�i ���H�X�(�3�N�- �N�9�- �R�y�j�) �?���p�2 �B�M�/�B�+���i�2�/ �i�?���i �B�M �H�B�2�m �Q�7 �T�Q�i�2�M�i�B���H�H�v �M�Q�M�@�T�?�v�b�B�+���H�-

���`�#�B�i�`���`�v �+�H�Q�b�m�`�2�b�- �i�?�2 �b�i�2���/�v�@�b�i���i�2 �1�1�.�6 �K���v �#�2 �m�b�2�/ �i�Q �2�p���H�m���i�2 �[�m���M�i�B�i�B�2�b �i�?���i

�`�2�[�m�B�`�2 �+�H�Q�b�m�`�2�X �:�B�p�2�M �i�?���i �i�?�2�`�2 �B�b �/�2�K�Q�M�b�i�`���i�2�/ �p���`�B���i�B�Q�M ���K�Q�M�;�b�i �+�H�Q�b�m�`�2 �K�2�i�?�Q�/�b �B�M

�T�H���b�K�� �K�Q�/�2�H�B�M�; �H�B�i�2�`���i�m�`�2�- �� �T�?�v�b�B�+���H�H�v �#���b�2�/�- �T���`���K�2�i�2�` �7�`�2�2 �7�Q�`�K �Q�7 �2�[�m���i�B�Q�M �+�H�Q�b�m�`�2

�r���b �� �7�Q�+�m�b �Q�7 �i�?�B�b �b�i�m�/�v�X

���������� �&�R�X�S�O�L�Q�J �H�O�H�F�W�U�R�P�D�J�Q�H�W�L�F �4�H�O�G�V

���M �B�K�T�Q�`�i���M�i �T���`�i �Q�7 ���M�v �H�Q�r�@�i�2�K�T�2�`���i�m�`�2 �T�H���b�K�� �K�Q�/�2�H �B�b �i�?�2 �b�2�H�7�@�+�Q�M�b�B�b�i�2�M�i �+���H�+�m�H���i�B�Q�M
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DNA

Proteins

Lipids

Sugars

Water Not required*

* As scattering cross sections and transport properties of water are comparatively
well known, compared to complex bio-molecules, a simpler analogue is not required

Some components
of tissue

Component
analogues

Goal for tissue
analogues

Current tissue
analogue
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= �J (f ) ; �U�k�X�R�V

�r�?�B�+�? �/�2�b�+�`�B�#�2�b �i�?�2 �2�p�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �+�?���`�;�2�/ �T���`�i�B�+�H�2 �2�M�b�2�K�#�H�2 �/�B�b�i�`�B�#�m�i�B�Q�M �7�m�M�+�i�B�Q�M
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�[�m���M�i�B�i�B�2�b �B�K�T�Q�`�i���M�i �7�Q�` �2�p�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �b�v�b�i�2�K�X �h�?�B�b ���T�T�`�Q���+�? �;�B�p�2�b �� �b�B�;�M�B�}�+���M�i �#�Q�Q�b�i

�i�Q �+���H�+�m�H���i�B�Q�M �b�T�2�2�/�- �r�?�B�H�2 �K���B�M�i���B�M�B�M�; �`�2���b�Q�M���#�H�2 ���+�+�m�`���+�v �Q�7 �[�m���M�i�B�i�B�2�b �Q�7 �B�M�i�2�`�2�b�i�X

�h�?�2 �b�B�K�T�H�2�b�i �Q�7 �i�?�2�b�2 �p���`�B���#�H�2�b �B�b �i�?�2 �M�m�K�#�2�` �/�2�M�b�B�i�v �Q�7 �� �b�T�2�+�B�2�b�- �/�2�}�M�2�/ ���b

n (�`; t) =
Z

f (�`; �p; t) d�p; �U�k�X�j�V

�r�?�B�H�2 �;�2�M�2�`���H �p�2�H�Q�+�B�i�v�@���p�2�`���;�2�/ �[�m���M�i�B�i�B�2�b ���`�2 �/�2�}�M�2�/ �7�`�Q�K �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �7�m�M�+�i�B�Q�M

h� k i (�`; t) =
1

n (�`; t)

Z
f (�`; �p; t) � k (�p)d�p; �U�k�X�9�V

�r�?�2�`�2� k (�p) �B�b ���M�v �p�2�H�Q�+�B�i�v �/�2�T�2�M�/�2�M�i �7�m�M�+�i�B�Q�M�- ���M�/h: : :i �/�2�M�Q�i�2�b �i�?�2 �2�t�T�2�+�i���i�B�Q�M

�p���H�m�2�- �� �p�2�H�Q�+�B�i�v ���p�2�`���;�2 �Q�p�2�`f (�`; �p; t)�X

�:�2�M�2�`���H�H�v �i�?�2 �K�Q�K�2�M�i�b �Q�7 �i�`�B���H �7�m�M�+�i�B�Q�M�b� 1 = 1 ; � 2 = �p; � 3 = 1
2mv2; � 4 = 1

2mv2�p

���`�2 �T�2�`�7�Q�`�K�2�/ �i�Q �;�2�i �#���H���M�+�2�b �Q�M �2�H�2�+�i�`�Q�M �M�m�K�#�2�`�- �T���`�i�B�+�H�2 �~�m�t�- �2�M�2�`�;�v �/�2�M�b�B�i�v�- ���M�/

�2�M�2�`�;�v �/�2�M�b�B�i�v �~�m�t �`�2�b�T�2�+�i�B�p�2�H�v�X
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(n h�i) + r � (n h�p�i) � n�� � hr �p�i = C� ; �U�k�X�8�V
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�+�Q�H�H�B�b�B�Q�M �i�2�`�K �+���M �#�2 �r�`�B�i�i�2�M ���b �i�?�2 �b�m�K �Q�7 �+�Q�?�2�`�2�M�i ���M�/ �B�M�+�Q�?�2�`�2�M�i �+�Q�K�T�Q�M�2�M�i�b

C� = C� �+�Q�?�2�`�2�M�i+ C� �B�M�+�Q�?�2�`�2�M�i: �U�k�X�d�V

�>�B�;�? �/�2�M�b�B�i�B�2�b �B�M �H�B�[�m�B�/ �H�B�F�2 �b�i���i�2�b �`�2�[�m�B�`�2 �K���M�v �K�Q�/�B�}�+���i�B�Q�M�b �i�Q �i�?�2 �b�B�K�T�H�2 �;���b
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j;j 0

Z
d�pf (�p)

Z
d2
 �;0n0v�
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�T�H���b�K�� �~�m�B�/ �K�Q�/�2�H�B�M�;�X �l�M�i�B�H �i�?�2 �H�Q�+���H �K�2���M �2�M�2�`�;�v ���T�T�`�Q�t�B�K���i�B�Q�M �B�b �B�K�T�`�Q�p�2�/�- �B�M �Q�`�/�2�`

�i�Q �+���T�i�m�`�2 �/�B�b�i�`�B�#�m�i�B�Q�M �p���`�B���i�B�Q�M�- �i�?�2 �+�Q�K�T�H�2�t �b�T���i�B���H �b�i�`�m�+�i�m�`�2�b �b�m�+�? ���b �6�`���M�+�F�@�>�2�`�i�x

�Q�b�+�B�H�H���i�B�Q�M�b�- �r�B�H�H �M�Q�i �#�2 �`�2�b�Q�H�p���#�H�2 �r�B�i�? �� �~�m�B�/ �K�2�i�?�Q�/�X

�*�?���T�i�2�` �k�X �6�H�m�B�/ �K�Q�/�2�H�B�M�; �Q�7 �2�H�2�+�i�`�Q�M�b �B�M �;���b ���M�/ �H�B�[�m�B�/�8�j
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�6�B�;�m�`�2 �k�X�R�j�, �*�Q�K�T���`�B�b�Q�M �Q�7 �i�v�T�B�+���H �2�M�2�`�;�v �/�B�b�i�`�B�#�m�i�B�Q�M �7�m�M�+�i�B�Q�M�b�-U
1
2 f 0 (U)�- �7�Q�` �i�`���M�b�B�2�M�i

�?�2���i�B�M�; ���M�/ �+�Q�Q�H�B�M�; �`�2�;�B�K�2�b�X �a�i�2���/�v �b�i���i�2 �/�B�b�i�`�B�#�m�i�B�Q�M ���M�/ �/�`�B�7�i�2�/ �J���t�r�2�H�H�B���M �b�?�Q�r�M
�7�Q�` �+�Q�K�T���`�B�b�Q�M�X

������ �&�K�D�S�W�H�U �6�X�P�P�D�U�\

�h�?�B�b �*�?���T�i�2�` �?���b �T�`�2�b�2�M�i�2�/ �i�?�2 �7�`���K�2�r�Q�`�F �7�Q�` �� �m�M�B�}�2�/ ���T�T�`�Q���+�? �i�Q �2�H�2�+�i�`�Q�M �~�m�B�/

�K�Q�/�2�H�B�M�; �B�M �;���b �Q�` �H�B�[�m�B�/ �K�2�/�B���X �h�?�`�Q�m�;�? �+�Q�?�2�`�2�M�i �b�+���i�i�2�`�B�M�; �K�Q�/�B�}�+���i�B�Q�M�b�- �i�?�2 �~�m�B�/

�K�Q�/�2�H ���+�+�Q�K�K�Q�/���i�2�b �b�Q�K�2 �H�B�[�m�B�/ �b�i�`�m�+�i�m�`�2 �2�z�2�+�i�b �r�?�B�+�? �?���p�2 �� �+�Q�M�b�B�/�2�`���#�H�2 �2�z�2�+�i �Q�M

�2�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i�X �6�m�`�i�?�2�`�K�Q�`�2�- �i�?�2 �K�Q�/�2�H �?���b �i�?�2 �~�2�t�B�#�B�H�B�i�v �Q�7 �B�M�+�Q�`�T�Q�`���i�B�M�; �7�m�i�m�`�2

���/�/�B�i�B�Q�M���H �H�B�[�m�B�/ �T�`�Q�+�2�b�b�2�b�- �b�m�+�? ���b �b�Q�H�p���i�B�Q�M�- �p�B�� �B�M�+�H�m�/�B�M�; ���/�/�B�i�B�Q�M���H �2�H�2�+�i�`�Q�M �+�Q�H�H�B�b�B�Q�M

�+�`�Q�b�b �b�2�+�i�B�Q�M�b �B�M�i�Q �i�?�2 �+�Q�K�T�m�i���i�B�Q�M �Q�7 �b�i�2���/�v �b�i���i�2 �+�Q�H�H�B�b�B�Q�M �`���i�2�b�X

�q�B�i�?�B�M �i�?�2 �T�`�2�b�2�M�i�2�/ �~�m�B�/ �K�Q�/�2�H �7�`���K�2�r�Q�`�F�- �i�?�B�b �*�?���T�i�2�` �?���b �B�K�T�H�2�K�2�M�i�2�/ �� �~�m�B�/

�2�[�m���i�B�Q�M �+�H�Q�b�m�`�2 �K�2�i�?�Q�/ �i�?���i �B�b �#�2�H�B�2�p�2�/ �i�Q �+�Q�M�b�B�b�i�2�M�i�H�v �T�`�Q�/�m�+�2 �T�?�v�b�B�+���H�H�v �b�Q�m�M�/

���T�T�`�Q�t�B�K���i�B�Q�M�b ���+�`�Q�b�b �� �r�B�/�2 �`���M�;�2 �Q�7 �`�2�;�B�K�2�b �B�M �#�Q�i�? �;���b ���M�/ �b�B�K�T�H�2 �H�B�[�m�B�/ �K�2�/�B���X

�*�Q�K�T���`�B�b�Q�M �i�Q �~�m�B�/ �K�Q�/�2�H�b �+�Q�K�K�Q�M�H�v �m�b�2�/ �B�M �i�?�2 �H�Q�r�@�i�2�K�T�2�`���i�m�`�2 �T�H���b�K�� �K�Q�/�2�H�B�M�;

�+�Q�K�K�m�M�B�i�v �r���b �T�2�`�7�Q�`�K�2�/�- ���M�/ �/�2�K�Q�M�b�i�`���i�2�/ �B�K�T�`�Q�p�2�K�2�M�i�b �r�2�`�2 �Q�#�b�2�`�p�2�/ �B�M �H�Q�r �}�2�H�/

�`�2�;�B�K�2�b�X �h�?�B�b �r���b �/�2�K�Q�M�b�i�`���i�2�/ �#�v �� �b�2�`�B�2�b �Q�7 �?�B�;�? �2�H�2�+�i�`�B�+ �}�2�H�/ ���M�/ �H�Q�r �2�H�2�+�i�`�B�+ �}�2�H�/

�?���i �#�2�M�+�?�K���`�F�b�- �b�Q�H�p�2�/ �7�Q�` ���M���H�Q�;�Q�m�b �;���b ���M�/ �H�B�[�m�B�/ �T�?���b�2 �2�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i �r�B�i�? ��

�b�B�K�T�H�B�}�2�/ �b�i�2�T�@�B�M�2�H���b�i�B�+ �+�Q�H�H�B�b�B�Q�M �K�Q�/�2�H�X �.�2�b�T�B�i�2 �i�?�2 �b�B�K�T�H�B�+�B�i�v �Q�7 �i�?�2 �+�Q�H�H�B�b�B�Q�M �K�Q�/�2�H�-

���M�/ �i�?�2 �#�2�M�+�?�K���`�F�b�- �i�?�2 �`�2�b�m�H�i�b �T�`�2�b�2�M�i�2�/ �2�K�T�?���b�B�x�2 �i�?�2 �B�K�T�Q�`�i���M�+�2 �Q�7 �+�H�Q�b�m�`�2 �B�M

�~�m�B�/ �K�Q�/�2�H�B�M�;�- ���M�/ �i�?�2 ���#�B�H�B�i�v �Q�7 �i�?�2 �b�i�2���/�v �b�i���i�2 �+�H�Q�b�m�`�2 �K�2�i�?�Q�/ �i�Q �Q�#�i���B�M �;�Q�Q�/

���T�T�`�Q�t�B�K���i�B�Q�M�b ���+�`�Q�b�b �/�B�z�2�`�2�M�i �T�?�v�b�B�+���H �`�2�;�B�K�2�b�X

�h�Q �b�m�T�T�H�2�K�2�M�i �i�?�2 �b�i�2���/�v �b�i���i�2 �?���i �}�2�H�/ �#�2�M�+�?�K���`�F�b�- �i�?�2 �B�K�T���+�i�b �Q�7 �+�H�Q�b�m�`�2 �Q�M �i�?�2

�i�`���M�b�T�Q�`�i �Q�7 �� �i�`���M�b�B�2�M�i �M�Q�M�@�?�v�/�`�Q�/�v�M���K�B�+�- �M�Q�M�@�2�[�m�B�H�B�#�`�B�m�K �T�m�H�b�2 �B�M �� �?�Q�K�Q�;�2�M�2�Q�m�b

�`�2�/�m�+�2�/ �2�H�2�+�i�`�B�+ �}�2�H�/ �r�2�`�2 ���H�b�Q �T�`�2�b�2�M�i�2�/�X �A�i �r���b �b�?�Q�r�M �i�?���i �Q�p�2�` �K�m�H�i�B�T�H�2 �i�B�K�2 �b�+���H�2�b�-

�i�?�2 ���T�T�`�Q�t�B�K���i�B�Q�M �Q�7 ���M ���+�+�m�`���i�2 �K�m�H�i�B�@�i�2�`�K �"�Q�H�i�x�K���M�M �2�[�m���i�B�Q�M �b�Q�H�m�i�B�Q�M �r���b �#�2�b�i

�*�?���T�i�2�` �k�X �6�H�m�B�/ �K�Q�/�2�H�B�M�; �Q�7 �2�H�2�+�i�`�Q�M�b �B�M �;���b ���M�/ �H�B�[�m�B�/�8�9
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�2�b�i�B�K���i�2�/ �#�v �i�?�2 �b�i�2���/�v �b�i���i�2 �+�H�Q�b�m�`�2 ���b�b�m�K�T�i�B�Q�M�X

�6�B�M���H�H�v�- �i�?�B�b �*�?���T�i�2�` ���/�/�`�2�b�b�2�/ ���M �2�M�2�`�;�v �/�B�b�i�`�B�#�m�i�B�Q�M �2�z�2�+�i �i�?���i �+�Q�M�i�`�B�#�m�i�2�b

�b�B�;�M�B�}�+���M�i�H�v �i�Q �i�?�2 �B�M���#�B�H�B�i�v �Q�7 �~�m�B�/ �K�Q�/�2�H�b �i�Q �`�2�T�`�Q�/�m�+�2 �b�T���i�B���H �T�2�`�B�Q�/�B�+ �b�i�`�m�+�i�m�`�2�b�-

�b�m�+�? ���b �6�`���M�+�F�@�>�2�`�i�x �Q�b�+�B�H�H���i�B�Q�M�b�X �A�i �r���b �b�?�Q�r�M �i�?���i ���H�i�?�Q�m�;�? �;�2�M�2�`���H�H�v �b�Q�m�M�/�- �B�M ��

�b�T���i�B���H�H�v ���p�2�`���;�2�/ �b�2�M�b�2�- �i�?�2 �H�Q�+���H �K�2���M �2�M�2�`�;�v ���T�T�`�Q�t�B�K���i�B�Q�M �Q�7 �+�Q�H�H�B�b�B�Q�M�- ���M�/ �+�H�Q�b�m�`�2�-

�i�2�`�K�b �r�B�H�H �M�Q�i �#�2 ���#�H�2 �i�Q �`�2�T�`�Q�/�m�+�2 �b�i�`�Q�M�;�H�v �p���`�v�B�M�; �/�B�b�i�`�B�#�m�i�B�Q�M �7�m�M�+�i�B�Q�M �2�z�2�+�i�b �B�M �B�i�b

�+�m�`�`�2�M�i �7�Q�`�K�X �6�B�2�H�/ �/�`�B�p�2�M �?�2���i�B�M�; ���M�/ �B�M�2�H���b�i�B�+ �+�Q�H�H�B�b�B�Q�M �/�`�B�p�2�M �+�Q�Q�H�B�M�; �`�2�;�B�K�2�b �r�2�`�2

�b�?�Q�r�M �i�Q �T�`�Q�/�m�+�2 �r�B�/�2�H�v �/�B�z�2�`�2�M�i �/�B�b�i�`�B�#�m�i�B�Q�M �7�m�M�+�i�B�Q�M�b �B�M �� �T�2�`�B�Q�/�B�+ �b�i�`�m�+�i�m�`�2 �`�2�;�B�K�2�-

�r�?�B�+�? �i�?�2 �H�Q�+���H �K�2���M �2�M�2�`�;�v ���T�T�`�Q�t�B�K���i�B�Q�M �b�B�K�T�H�v �+���M�M�Q�i �T�`�Q�/�m�+�2 �B�M �B�i�b �+�m�`�`�2�M�i �7�Q�`�K�X

�h�?�B�b �*�?���T�i�2�` �?���b �H���B�/ �i�?�2 �7�Q�m�M�/���i�B�Q�M �7�Q�` ���T�T�H�v�B�M�; �i�?�2 �T�`�2�b�2�M�i�2�/ �2�H�2�+�i�`�Q�M �~�m�B�/ �K�Q�/�2�H

�i�Q �i�?�2 �b�i�m�/�v �Q�7 �2�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i �B�M �b�B�K�m�H���i�2�/ �T�H���b�K���@�H�B�[�m�B�/ �B�M�i�2�`�7���+�2�b �B�M �7�m�i�m�`�2 �r�Q�`�F�X

�A�i �B�b �?�Q�T�2�/ �i�Q �K�Q�i�B�p���i�2 �7�m�i�m�`�2 ���/�/�B�i�B�Q�M�b �Q�7 �Q�i�?�2�` �H�B�[�m�B�/ �2�z�2�+�i�b �B�M�i�Q �~�m�B�/ �K�Q�/�2�H�B�M�;�- �b�m�+�?

���b �T�Q�H���` �H�B�[�m�B�/ �2�z�2�+�i�b ���M�/ �2�H�2�+�i�`�Q�M �b�Q�H�p���i�B�Q�M �T�`�Q�+�2�b�b�2�b�X ���/�/�B�i�B�Q�M���H�H�v�- �i�?�B�b �r�Q�`�F �?�Q�T�2�b

�i�Q �b�i�B�K�m�H���i�2 �7�m�`�i�?�2�` �b�i�m�/�B�2�b �Q�M �B�K�T�`�Q�p�B�M�; �+�Q�H�H�B�b�B�Q�M ���T�T�`�Q�t�B�K���i�B�Q�M �K�2�i�?�Q�/�b �B�M �Q�`�/�2�`

�i�Q �+���T�i�m�`�2 �/�B�b�i�`�B�#�m�i�B�Q�M �2�z�2�+�i�b�- ���M�/ �M�Q�p�2�H �K�2�i�?�Q�/�b �Q�7 �+�H�Q�b�B�M�; �?�B�;�?�2�` �Q�`�/�2�` �K�Q�K�2�M�i�b �B�M

�+�?���`�;�2�/ �T���`�i�B�+�H�2 �~�m�B�/ �K�Q�/�2�H�B�M�;�X

�A�M �Q�`�/�2�` �i�Q ���T�T�H�v �i�?�2 �T�`�Q�T�Q�b�2�/ �?�B�;�?�2�` �Q�`�/�2�` �~�m�B�/ �K�Q�/�2�H �B�M �i�?�B�b �*�?���T�i�2�` �i�Q �b�B�K�m�H���i�B�M�;

�;���b�@�H�B�[�m�B�/ �b�v�b�i�2�K�b�- �B�i �B�b �M�2�+�2�b�b���`�v �i�Q �+�H�Q�b�2�H�v �B�M�b�T�2�+�i �i�?�2 �/�2�T�2�M�/�2�M�+�2 �Q�7 �2�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i

�Q�M �M�2�m�i�`���H �/�2�M�b�B�i�v�X �q�B�i�? �� �~�m�B�/ �K�Q�/�2�H �/�2�}�M�2�/ �7�Q�` �;���b�2�Q�m�b �Q�` �H�B�[�m�B�/ �b�v�b�i�2�K�b�- �i�?�2 �7�Q�H�H�Q�r�B�M�;

�*�?���T�i�2�` �r�B�H�H �M�Q�r �b�2�2�F �i�Q �2�t�i�2�M�/ �i�?�2 �+���T���#�B�H�B�i�v �Q�7 �i�?�2 �T�`�Q�T�Q�b�2�/ �K�Q�/�2�H �i�Q ���+�+�Q�K�K�Q�/���i�2

�b�T���i�B���H�H�v �p���`�v�B�M�; �p���H�m�2�b �Q�7n0 �p�B�� �/�2�M�b�B�i�v�@�/�2�T�2�M�/�2�M�i �B�M�T�m�i �/���i���X

�*�?���T�i�2�` �k�X �6�H�m�B�/ �K�Q�/�2�H�B�M�; �Q�7 �2�H�2�+�i�`�Q�M�b �B�M �;���b ���M�/ �H�B�[�m�B�/�8�8
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�W�U�D�Q�V�S�R�U�W �G�D�W�D

�h�?�B�b �+�?���T�i�2�` �+�Q�M�i���B�M�b �K���i�2�`�B���H �i�?���i �?���b �#�2�2�M �T�m�#�H�B�b�?�2�/ �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �D�Q�m�`�M���H ���`�i�B�+�H�2�,

�(�j�) �L�� �:���`�H���M�/�- �:�C �"�Q�v�H�2�- �.�: �*�Q�+�F�b ���M�/ �_�. �q�?�B�i�2�X ���T�T�`�Q�t�B�K���i�B�M�; �i�?�2 �M�Q�M�H�B�M�@
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�6�B�;�m�`�2 �j�X�d�, ���T�T�`�Q�t�B�K���i�2�/�� �K�B�t
m �7�Q�` �K�m�H�i�B�T�H�2 �T���+�F�B�M�; �7�`���+�i�B�Q�M�b �Q�7 �S�2�`�+�m�b �u�2�p�B�+�F �K�Q�/�2�H

�H�B�[�m�B�/�X �a�Q�H�B�/ �H�B�M�2�, �2�t���+�i �p�B�� �K�m�H�i�B�@�i�2�`�K �F�B�M�2�i�B�+ �b�Q�H�m�i�B�Q�M �(�R�y�)�-�� �, ���T�T�`�Q�t�B�K���i�B�Q�M
�p�B�� �U�j�X�j�d�V�X

������ �$�S�S�O�L�F�D�W�L�R�Q �W�R �Q�R�E�O�H �J�D�V���O�L�T�X�L�G �V�\�V�W�H�P�V

�A�M �Q�`�/�2�` �i�Q �7�m�`�i�?�2�` �p�2�`�B�7�v �i�?�2 �b�m�B�i���#�B�H�B�i�v �Q�7 �i�?�2 �/�2�`�B�p�2�/ ���T�T�`�Q�t�B�K���i�B�Q�M�U�j�X�j�e�V�- �Q�M�2 �b�?�Q�m�H�/

�+�Q�M�b�B�/�2�` ���T�T�H�B�+���i�B�Q�M �i�Q �`�2���H �;���b�2�b ���M�/ �H�B�[�m�B�/�b�X �h�?�B�b �a�2�+�i�B�Q�M �b�2�2�F�b �i�Q �m�b�2 �i�?�2 �/�2�`�B�p�2�/

���T�T�`�Q�t�B�K���i�B�Q�M �K�2�i�?�Q�/�- �r�B�i�? �F�M�Q�r�M �b�i�2���/�v �b�i���i�2 �i�`���M�b�T�Q�`�i �T�`�Q�T�2�`�i�B�2�b �Q�7 �� �/�B�H�m�i�2 �;���b

���M�/ �/�2�M�b�2 �H�B�[�m�B�/�- �i�Q �2�b�i�B�K���i�2 �b�i�2���/�v �b�i���i�2 �2�H�2�+�i�`�Q�M �/�`�B�7�i �p�2�H�Q�+�B�i�B�2�b �K�2���b�m�`�2�/ �B�M �� �~�m�B�/

�Q�7 �B�M�i�2�`�K�2�/�B���i�2 �/�2�M�b�B�i�v�X �A�M �+�Q�M�i�`���b�i �i�Q �i�?�2 �T�`�2�p�B�Q�m�b �K�Q�/�2�H �r�?�2�`�2 �Q�M�H�v �2�t�T�H�B�+�B�i �+�Q�?�2�`�2�M�i

�2�z�2�+�i�b �r�2�`�2 �+�Q�M�b�B�/�2�`�2�/�- �`�2���H ���i�Q�K�B�+ �b�v�b�i�2�K�b �`�2�[�m�B�`�2 ���/�/�B�i�B�Q�M���H �K�Q�/�B�}�+���i�B�Q�M�b �i�Q �i�?�2

�B�M�i�2�`���+�i�B�Q�M �T�Q�i�2�M�i�B���H ���b�b�Q�+�B���i�2�/ �r�B�i�? �p���`�v�B�M�; �i�?�2 �M�2�m�i�`���H �/�2�M�b�B�i�v �(�R�8�)�X �� �+�H���b�b�B�+ �2�t���K�T�H�2

�Q�7 �i�?�2 �p���`�B���i�B�Q�M �#�2�i�r�2�2�M �+�`�Q�b�b �b�2�+�i�B�Q�M�b ���i �;���b ���M�/ �H�B�[�m�B�/ �/�2�M�b�B�i�B�2�b �B�b �Q�#�b�2�`�p�2�/ �B�M �b�Q�K�2

�`���`�2 �;���b�2�b ���M�/ �i�?�2�B�` �H�B�[�m�B�/�b�- �r�?�2�`�2 �i�?�2 �H�Q�r�@�2�M�2�`�;�v �_���K�b���m�2�` �K�B�M�B�K�m�K �7�Q�m�M�/ �B�M �;���b

�T�?���b�2 �+�`�Q�b�b �b�2�+�i�B�Q�M�b �B�b �b�m�T�T�`�2�b�b�2�/ ���M�/ �2�p�2�M�i�m���H�H�v �+�Q�K�T�H�2�i�2�H�v �M�Q�M�@�2�t�B�b�i�2�M�i ���b �i�?�2 �H�B�[�m�B�/

�/�2�M�b�B�i�v �B�M�+�`�2���b�2�b �(�R�8�)�X ���b �� �`�2�b�m�H�i �Q�7 �i�?�2 �+�Q�K�T�H�2�t �b�+���i�i�2�`�B�M�; �p���`�B���i�B�Q�M�b �7�`�Q�K �;���b �i�Q

�H�B�[�m�B�/ �b�i���i�2�b�- �B�M �+�Q�M�D�m�M�+�i�B�Q�M �r�B�i�? ���+�+�2�b�b�B�#�H�2 �2�t�T�2�`�B�K�2�M�i���H �/���i���- �H�B�[�m�B�/ ���`�;�Q�M ���M�/ �H�B�[�m�B�/

�t�2�M�Q�M �r�2�`�2 �+�?�Q�b�2�M �7�Q�` �+�Q�K�T���`�B�b�Q�M �B�M �i�?�B�b �b�i�m�/�v�X

�1�t�T�2�`�B�K�2�M�i���H �/���i�� �Q�7 �:�m�b�?�+�?�B�M�2�i ���H�X�(�R�R�) �7�Q�` �/�`�B�7�i �p�2�H�Q�+�B�i�v�- �2�H�2�+�i�`�B�+ �}�2�H�/�- ���M�/

�K�2���M �2�M�2�`�;�v �Q�7 �2�H�2�+�i�`�Q�M�b �B�M �H�B�[�m�B�/ ���`�;�Q�M ���M�/ �H�B�[�m�B�/ �t�2�M�Q�M �r�2�`�2 �/�B�;�B�i�B�x�2�/ ���b �� �#���b�B�b

�7�Q�` �2�t�T�2�`�B�K�2�M�i���H �p���H�B�/���i�B�Q�M �Q�7 �i�?�2 �T�`�Q�T�Q�b�2�/ ���T�T�`�Q�t�B�K���i�B�Q�M�U�j�X�j�e�V�X �h�?�B�b �/���i�� �b�2�i �r���b

�+�?�Q�b�2�M �Q�p�2�` �Q�i�?�2�` �2�t�B�b�i�B�M�; �/���i�� �b�2�i�b �(�R�e�- �R�e�k�) �#�2�+���m�b�2 ���M ���T�T�`�Q�t�B�K���i�B�Q�M �i�Q �i�?�2 �2�H�2�+�i�`�Q�M

�K�2���M �2�M�2�`�;�v�- �b�+���H�2�/ �7�`�Q�K �K�2���b�m�`�2�K�2�M�i�b �Q�7 �i�?�2 �+�?���`���+�i�2�`�B�b�i�B�+ �2�M�2�`�;�vD /� �- �r���b �B�M�+�H�m�/�2�/

�B�M �i�?�2 �Q�`�B�;�B�M���H �b�i�m�/�v ���M�/ �b�Q �T�`�Q�p�B�/�2�/ �i�?�2 �M�2�+�2�b�b���`�v �K�2���M �2�M�2�`�;�v �B�M�T�m�i �M�2�2�/�2�/ �i�Q �m�b�2

�i�?�2 �/�2�`�B�p�2�/ ���T�T�`�Q�t�B�K���i�B�Q�M�b�X �h���#�H�2 �j�X�R �Q�m�i�H�B�M�2�b �i�?�2 ���T�T�`�Q�t�B�K���i�2 �;���b �i�Q �H�B�[�m�B�/ �i�`���M�b�B�i�B�Q�M

�*�?���T�i�2�` �j�X �.�2�M�b�B�i�v �/�2�T�2�M�/�2�M�+�2 �Q�7 �2�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i �/���i���d�9
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���b�b�m�K�2�/ �7�Q�` �2���+�? ���i�Q�K�B�+ �~�m�B�/�X

�h���#�H�2 �j�X�R�, �"�2�M�+�?�K���`�F ���i�Q�K�B�+ �;���b�@�H�B�[�m�B�/ �b�v�b�i�2�K�b �m�b�2�/ �7�Q�` �p���H�B�/���i�B�M�; �T�`�Q�T�Q�b�2�/ �/�`�B�7�i
�p�2�H�Q�+�B�i�v ���T�T�`�Q�t�B�K���i�B�Q�M �`�m�H�2 ���;���B�M�b�i �2�t�T�2�`�B�K�2�M�i���H �/���i��
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�/�`�B�7�i �/�B�z�m�b�B�Q�M �K�Q�/�2�H �U�9�X�R�V �@ �U�9�X�k�V �+���M �i�?�2�M �#�2 ���T�T�H�B�2�/ �/�B�`�2�+�i�H�v�X

�>�B�;�?�2�` �Q�`�/�2�` �K�Q�/�2�H�b

�A�M ���/�/�B�i�B�Q�M �i�Q �/�`�B�7�i �/�B�z�m�b�B�Q�M �~�m�B�/ �K�Q�/�2�H�b�- �b�Q �+���H�H�2�/ �?�B�;�?�2�` �Q�`�/�2�` �~�m�B�/ �K�Q�/�2�H�b �?���p�2

�;���B�M�2�/ �T�Q�T�m�H���`�B�i�v �7�Q�` �K�Q�/�2�H�B�M�; �+�?���`�;�2�/ �T���`�i�B�+�H�2 �i�`���M�b�T�Q�`�i �B�M �T�H���b�K���b �(�k�- �N�9�- �N�8�- �R�9�e�)�X

�A�M �i�?�2�b�2 �K�Q�/�2�H�b�- �i�?�2 �?�B�2�`���`�+�?�v �Q�7 �p�2�H�Q�+�B�i�v �K�Q�K�2�M�i�b �Q�7 �"�Q�H�i�x�K���M�M�ö�b �2�[�m���i�B�Q�M �B�b �M�Q�i

�i�`�m�M�+���i�2�/ ���i �i�?�2 �2�H�2�+�i�`�Q�M �~�m�t�- �#�m�i �Q�7�i�2�M �2�t�i�2�M�/�b �i�Q �B�M�+�H�m�/�2 �7�Q�m�` �+�Q�M�i�B�M�m�B�i�v �2�[�m���i�B�Q�M�b

�7�Q�` �2�H�2�+�i�`�Q�M �/�2�M�b�B�i�v�-ne�- �2�H�2�+�i�`�Q�M �T���`�i�B�+�H�2 �~�m�t�-� = neh�pi=
R

f (�`; �p; t) �pd�p�- �2�H�2�+�i�`�Q�M

�K�2���M �2�M�2�`�;�v �/�2�M�b�B�i�v�-n� = ne h�i =
R

f (�`; �p; t) 1
2mv2d�p�- ���M�/ �2�H�2�+�i�`�Q�M �2�M�2�`�;�v �~�m�t�-

� � = neh� i =
R

f (�`; �p; t) 1
2mv2�pd�p�- �r�?�2�`�2h�pi�-h�i �- ���M�/h� i �/�2�M�Q�i�2 �i�?�2 �2�H�2�+�i�`�Q�M ���p�2�`���;�2
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�r�?�2�`�2 �B�M�T�m�i �/���i�� �B�b �`�2�[�m�B�`�2�/ �p�B�� �+�Q�H�H�B�b�B�Q�M �`���i�2�b �7�Q�` �7�Q�` �B�Q�M�B�b���i�B�Q�M�-� I �- ���i�i���+�?�K�2�M�i�-� a�-

�K�Q�K�2�M�i�m�K �i�`���M�b�7�2�`�-� m �- �2�M�2�`�;�v �i�`���M�b�7�2�`�-S� �- �2�M�2�`�;�v �~�m�t �i�`���M�b�7�2�`�-� � �- ���M�/ �?�B�;�?�2�` �Q�`�/�2�`

�i�2�M�b�Q�` �T�`�Q�/�m�+�i �+�H�Q�b�m�`�2 ���T�T�`�Q�t�B�K���i�B�Q�M�b�-� m �- ���M�/� � �X

�A�M �i�?�B�b �K�Q�/�2�H�- �i�?�2 �?�B�;�?�2�` �Q�`�/�2�` �K�Q�K�2�M�i�b�-� m = h�p�pi���M�/� � =
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2mv2�p�p
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�- ���`�2 �+�H�Q�b�2�/

�#�v �2�p���H�m���i�B�Q�M �Q�p�2�` �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �b�i�2���/�v�@�b�i���i�2 �1�1�.�6 �m�b�2�/ �i�Q ���H�b�Q �2�p���H�m���i�2 �+�Q�H�H�B�b�B�Q�M
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�2�H�2�+�i�`�Q�M �/�v�M���K�B�+�b �B�b �M���i�B�p�2�H�v �B�M�+�H�m�/�2�/�- �b�Q �i�?���i �T�?�2�M�Q�K�2�M�� �b�m�+�? ���b �i�2�K�T�Q�`���H ���M�/ �b�T���i�B���H

�M�Q�M�@�H�Q�+���H�B�i�v �+���M �#�2 �`�2�b�Q�H�p�2�/ �(�R�y�9�)�X �A�M �H�B�2�m �Q�7 �m�b�B�M�;
E
n0

�i�Q �/�2�i�2�`�K�B�M�2 �B�M�T�m�i �/���i�� ���b �T�2�`

�i�?�2 �/�`�B�7�i�@�/�B�z�m�b�B�Q�M �K�Q�/�2�H�- �?�2�`�2 �i�?�2 �2�H�2�+�i�`�Q�M �K�2���M �2�M�2�`�;�v�-h�i �- �B�b �m�b�2�/ ���b �i�?�2 �B�M�i�2�`�T�Q�H���i�B�M�;
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�h�?�B�b �a�2�+�i�B�Q�M �T�`�2�b�2�M�i�b �i�?�2 �K�B�+�`�Q�b�+�Q�T�B�+ �B�M�T�m�i �Q�7 �2�H�2�+�i�`�Q�M �b�+���i�i�2�`�B�M�; �+�`�Q�b�b �b�2�+�i�B�Q�M�b �7�Q�`

�2�H�2�+�i�`�Q�M�b �r�B�i�? �;���b�2�Q�m�b ���M�/ �H�B�[�m�B�/ ���`�;�Q�M�- �B�M ���/�/�B�i�B�Q�M �i�Q �i�?�2 �`�2�b�m�H�i�B�M�; �i�`���M�b�T�Q�`�i ���M�/
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�B�M�T�m�i �i�Q �� �K�m�H�i�B�@�i�2�`�K �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �"�Q�H�i�x�K���M�M �2�[�m���i�B�Q�M �i�Q �;�2�M�2�`���i�2 �B�M�T�m�i �/���i�� �7�Q�`
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@f
@t

+ v � rf +
qE
m

�
@f
@v

= �J (f; f 0) ; �U�8�X�d�V

�r�?�2�`�2f (r ; v ; t) �B�b �i�?�2 �b�B�M�;�H�2�@�T���`�i�B�+�H�2 �T�?���b�2 �b�T���+�2 �/�B�b�i�`�B�#�m�i�B�Q�M �7�m�M�+�i�B�Q�M�- �r�?�B�+�? �B�b ��

�7�m�M�+�i�B�Q�M �Q�7 �T�Q�b�B�i�B�Q�Mr �- �p�2�H�Q�+�B�i�vv ���M�/ �i�B�K�2t�X �h�?�2 ���+�+�2�H�2�`���i�B�Q�M �Q�M ���M �2�H�2�+�i�`�Q�M �Q�7 �K���b�b

m �B�b �/�m�2 �i�Q �i�?�2 �2�t�i�2�`�M���H �?�Q�K�Q�;�2�M�2�Q�m�b �2�H�2�+�i�`�B�+ �}�2�H�/E �X �h�?�2 �+�Q�H�H�B�b�B�Q�M �Q�T�2�`���i�Q�`J (f; f 0)

�i���F�2�b �B�M�i�Q ���+�+�Q�m�M�i �#�B�M���`�v �B�M�i�2�`���+�i�B�Q�M�b �#�2�i�r�2�2�M �i�?�2 �2�H�2�+�i�`�Q�M�b ���M�/ �i�?�2 �h�>�6 �K�Q�H�2�+�m�H�2�b�-

�r�?�2�`�2f 0 �/�2�M�Q�i�2�b �i�?�2 �h�>�6 �K�Q�H�2�+�m�H�2 �/�B�b�i�`�B�#�m�i�B�Q�M �7�m�M�+�i�B�Q�M�- �r�?�B�+�? �B�b ���b�b�m�K�2�/ �i�Q �#�2

�J���t�r�2�H�H�B���M ���i �i�?�2 �;���b �i�2�K�T�2�`���i�m�`�2T0�X �h�?�2 �/�2�i���B�H�b �Q�7 �i�?�2 �+�Q�H�H�B�b�B�Q�M �Q�T�2�`���i�Q�` �m�b�2�/ �+���M

�#�2 �7�Q�m�M�/ �B�M �L�2�b�b�2�i ���H�X�(�R�9�k�)�X

�1�[�m���i�B�Q�M �U�8�X�d�V �B�b ���M �B�M�i�2�;�`�Q�@�/�B�z�2�`�2�M�i�B���H �2�[�m���i�B�Q�M �7�Q�`f (r ; v ; t)�- �� �F�M�Q�r�H�2�/�;�2 �Q�7

�*�?���T�i�2�` �8�X �a�+���i�i�2�`�B�M�;�- �i�`���M�b�T�Q�`�i�- ���M�/ �b�B�K�m�H���i�B�Q�M �Q�7 �2�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i �B�M �h�>�6�R�9�y



�:���`�H���M�/�- �L���i�?���M �1�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i �K�Q�/�2�H�B�M�; �B�M �;���b ���M�/ �H�B�[�m�B�/ �K�2�/�B��

�r�?�B�+�? �T�2�`�K�B�i�b �/�2�i�2�`�K�B�M���i�B�Q�M �Q�7 ���H�H �[�m���M�i�B�i�B�2�b �Q�7 �B�M�i�2�`�2�b�i �/�2�b�+�`�B�#�B�M�; �i�?�2 �#�2�?���p�B�Q�m�` �Q�7

�i�?�2 �2�H�2�+�i�`�Q�M �b�r���`�K�X �A�M �i�?�2 �?�v�/�`�Q�/�v�M���K�B�+ �`�2�;�B�K�2 �B�M �r�?�B�+�? �b�r���`�K �2�t�T�2�`�B�K�2�M�i�b ���`�2

�+�Q�M�/�m�+�i�2�/�- �i�?�2 �b�T���+�2�@�i�B�K�2 �/�2�T�2�M�/�2�M�+�2 �Q�7f �B�b ���b�b�m�K�2�/ �i�Q �?���p�2 �i�?�2 �7�Q�`�K

f (r ; v ; t) =
X

j =0

f (j ) (v ) � (�r) j n(r ; t) ; �U�8�X�3�V

�r�?�2�`�2 �i�?�2f (j ) ���`�2 �i�2�M�b�Q�`�b �Q�7 �`���M�Fj �- �i�?�2 �/�Q�i �/�2�M�Q�i�2�b ��j �@�7�Q�H�/ �b�+���H���` �T�`�Q�/�m�+�i ���M�/ �i�?�2

�H�Q�+���H �+�?���`�;�2�/ �T���`�i�B�+�H�2 �/�2�M�b�B�i�v ���i �i�B�K�2t �B�b �;�B�p�2�M �#�v�,

n(r ; t) =
Z

f (r ; v ; t)dv : �U�8�X�N�V

�a�m�#�b�i�B�i�m�i�B�Q�M �Q�7 �i�?�2 �?�v�/�`�Q�/�v�M���K�B�+ �2�t�T���M�b�B�Q�M �U�8�X�3�V �B�M�i�Q �2�[�m���i�B�Q�M �U�8�X�d�V�- ���M�/ �2�[�m���i�B�M�;

�+�Q�2�{�+�B�2�M�i�b �Q�7 �i�?�2 �;�`���/�B�2�M�i �2�t�T���M�b�B�Q�M�- �`�2�b�m�H�i�b �B�M �� �?�B�2�`���`�+�?�v �Q�7 �2�[�m���i�B�Q�M�b �i�Q �b�Q�H�p�2 �7�Q�`

�i�?�2 �p�2�H�Q�+�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M �7�m�M�+�i�B�Q�M�bf (j ) (v ) �(�R�N�R�)�,

qE
m

�
@f(j )

@v
+ J (f (j ) ; f 0) = vf (j �1) j = 0; 1; ::: �U�8�X�R�y�V

�h�?�B�b �B�b �i�?�2 �K�B�+�`�Q�b�+�Q�T�B�+ �T�B�+�i�m�`�2�X �a�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �?�B�2�`���`�+�?�v �7�Q�` �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �7�m�M�+�i�B�Q�M�b

f (j ) (v ) �2�M���#�H�2�b �+���H�+�m�H���i�B�Q�M �Q�7 �i�?�2 �K���+�`�Q�b�+�Q�T�B�+ �K�2���b�m�`���#�H�2 �[�m���M�i�B�i�B�2�b �i�?�`�Q�m�;�? ���T�T�`�Q�T�`�B���i�2

���p�2�`���;�2�b �2�X�;�X

W F =
1
n

Z
vf (0) (v ; t)dv ; �U�8�X�R�R�V

�' F = �
1
n

Z
vf (1) (v ; t)dv ; �U�8�X�R�k�V

S (i) =
1
n

Z
JR (f (i) ; F0)dv �U�8�X�R�j�V

�a�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �?�B�2�`���`�+�?�v �Q�7 �F�B�M�2�i�B�+ �2�[�m���i�B�Q�M�b�U�8�X�R�y�V�`�2�[�m�B�`�2�b �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �Q�7f (j ) (v )

�B�M �p�2�H�Q�+�B�i�v �b�T���+�2�X �h�?�2 �}�`�b�i �b�i�2�T �B�M ���M�v ���M���H�v�b�B�b �B�b �i�v�T�B�+���H�H�v �i�?�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �i�?�2

�/�B�b�i�`�B�#�m�i�B�Q�M �7�m�M�+�i�B�Q�M �B�M �i�2�`�K�b �Q�7 �i�?�2 �/�B�`�2�+�i�B�Q�M�b �Q�7 �p�2�H�Q�+�B�i�v �b�T���+�2 �i�?�`�Q�m�;�? ���M �2�t�T���M�b�B�Q�M

�B�M �b�T�?�2�`�B�+���H �?���`�K�Q�M�B�+�b �(�d�y�)�,

f (j ) (v ; t) =
1X

l=0

lX

m=�l

f j (l )
m (v; t)Y [l ]

m (v̂ ) ; �U�8�X�R�9�V

�r�?�2�`�2Y [l ]
m (v̂ ) ���`�2 �i�?�2 �b�T�?�2�`�B�+���H �?���`�K�Q�M�B�+�b ���M�/v̂ �/�2�M�Q�i�2�b �i�?�2 ���M�;�H�2�b �Q�7v�X �q�?�B�H�2

�+�Q�K�K�Q�M �T�`���+�i�B�+�2 �B�b �i�Q �b�2�i �i�?�2 �m�T�T�2�` �#�Q�m�M�/ �Q�7 �i�?�2l �@�b�m�K�K���i�B�Q�M �i�Q �R �U�B�X�2�X�- �i�?�2 �i�r�Q�@�i�2�`�K

���T�T�`�Q�t�B�K���i�B�Q�M�V ���M�/ �+�Q�M�b�B�/�2�` �Q�M�H�vm = 0 �U�B�X�2�X�- �� �G�2�;�2�M�/�`�2 �T�Q�H�v�M�Q�K�B���H �2�t�T���M�b�B�Q�M�V�-

�i�?�B�b �7�Q�`�K�m�H���i�B�Q�M �/�Q�2�b �M�Q�i �K���F�2 ���M�v �b�m�+�? �`�2�b�i�`�B�+�i�B�p�2 ���b�b�m�K�T�i�B�Q�M�b �B�M �i�?�B�b �i�?�2�Q�`�v�X �A�M

�#�2�b�i �T�`���+�i�B�+�2�- �i�?�2 �B�M�i�2�;�2�`l �K���t �B�b �b�m�+�+�2�b�b�B�p�2�H�v �B�M�+�`�2�K�2�M�i�2�/ �m�M�i�B�H �� �T�`�2�b�+�`�B�#�2�/ ���+�+�m�`���+�v

�+�`�B�i�2�`�B�Q�M �B�b �K�2�i�- ���b �+�Q�M�b�B�/�2�`�2�/ �#�2�H�Q�r�X �h�?�B�b �B�b �� �K�m�H�i�B�@�i�2�`�K �b�Q�H�m�i�B�Q�M �Q�7 �"�Q�H�i�x�K���M�M�ö�b

�2�[�m���i�B�Q�M�X �*�Q�K�#�B�M�B�M�; �2�[�m���i�B�Q�M�b�U�8�X�d�V���M�/�U�8�X�R�9�V�H�2���/�b �i�Q �i�?�2 �7�Q�H�H�Q�r�B�M�; �?�B�2�`���`�+�?�v �Q�7

�*�?���T�i�2�` �8�X �a�+���i�i�2�`�B�M�;�- �i�`���M�b�T�Q�`�i�- ���M�/ �b�B�K�m�H���i�B�Q�M �Q�7 �2�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i �B�M �h�>�6�R�9�R



�:���`�H���M�/�- �L���i�?���M �1�H�2�+�i�`�Q�M �i�`���M�b�T�Q�`�i �K�Q�/�2�H�B�M�; �B�M �;���b ���M�/ �H�B�[�m�B�/ �K�2�/�B��

�+�Q�m�T�H�2�/ �B�M�i�2�;�`�Q�@�/�B�z�2�`�2�M�i�B���H �2�[�m���i�B�Q�M�b �7�Q�`f j (l )
m �,

X

l0m0

hlm

�
�
�
�
eE
m

�
@

@v
+ J

�
�
�
� l0m0i f j (l 0)

m0 = �
X

l0m0

hlmjvj l0m0i f j �1( l0)
m0 : �U�8�X�R�8�V

�1�t�T�`�2�b�b�B�Q�M�b �7�Q�` �i�?�2 �K���i�`�B�t �2�H�2�K�2�M�i�b �Q�7 �i�?�2 �b�i�`�2���K�B�M�; �Q�T�2�`���i�Q�`�b ���`�2 �;�B�p�2�M �B�M �_�Q�#�b�Q�M

�2�i ���H�X���M�/ �L�2�b�b�2�i ���H�X�(�d�y�- �R�9�k�)�X �h�?�2 �+�Q�H�H�B�b�B�Q�M �K���i�`�B�+�2�b �2�X�;�XhlmjJ j l0m0i = [J l
elas +

J l
inel + +J l

a + J l
ion ]� l0;l � m0;m ���`�2 ���H�H �/�B���;�Q�M���H �B�Ml ���M�/m�- �b�B�M�+�2 �i�?�2 �+�Q�H�H�B�b�B�Q�M �Q�T�2�`���i�Q�`�b

���`�2 ���H�H �b�+���H���`�b�X �6�m�`�i�?�2�` �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �i�?�2 �b�T�2�2�/ �/�2�T�2�M�/�2�M�+�2 �B�b �`�2�[�m�B�`�2�/ �i�Q �b�Q�H�p�2

�i�?�2 �?�B�2�`���`�+�?�v �Q�7 �+�Q�m�T�H�2�/ �Q�T�2�`���i�Q�` �2�[�m���i�B�Q�M�b�X �h�?�B�b �b�i�m�/�v �B�K�T�H�2�K�2�M�i�2�/ ���M �2�t�T���M�b�B�Q�M �B�M

�i�2�`�K�b �Q�7 �a�Q�M�B�M�2 �T�Q�H�v�M�Q�K�B���H�b�- ���M�/ �i�?�2 �`�2���/�2�` �B�b �`�2�7�2�`�`�2�/ �i�Q �q�?�B�i�2�2�i ���H�X�(�R�j�k�) �7�Q�` �7�m�`�i�?�2�`

�/�2�i���B�H�b �Q�M �`�2�H���i�B�M�; �i�`���M�b�T�Q�`�i �+�Q�2�{�+�B�2�M�i�b �i�Q �i�?�2 �+�Q�2�{�+�B�2�M�i�bf j (l )
m �X

���������� �(�O�H�F�W�U�R�Q �W�U�D�Q�V�S�R�U�W �L�Q �7�+�)

�6�B�;�m�`�2�b �8�X�R�y �@ �8�X�R�k �T�`�2�b�2�M�i �`�2�b�m�H�i�b �7�Q�` �b�r���`�K �i�`���M�b�T�Q�`�i �T�`�Q�T�2�`�i�B�2�b �Q�7 �2�H�2�+�i�`�Q�M�b �B�M �h�>�6�-

�B�M�+�H�m�/�B�M�; �i�?�2 �K�2���M �2�M�2�`�;�v�- �/�`�B�7�i �p�2�H�Q�+�B�i�v�- �/�B�z�m�b�B�Q�M ���M�/ �`���i�2 �+�Q�2�{�+�B�2�M�i�b�X �h�?�2 �`�2�b�m�H�i�b

�T�`�2�b�2�M�i�2�/ ���`�2 �B�M �� �[�m���b�B�@�b�i�2���/�v �b�i���i�2 �/�2�i�2�`�K�B�M�2�/ �#�v �� �#���H���M�+�2 �#�2�i�r�2�2�M �T�Q�r�2�` �B�M�T�m�i

�7�`�Q�K ���M ���T�T�H�B�2�/ �2�H�2�+�i�`�B�+ �}�2�H�/E ���M�/ �2�M�2�`�;�v �H�Q�b�b �`���i�2 �p�B�� �+�Q�H�H�B�b�B�Q�M�b �#�2�i�r�2�2�M �2�H�2�+�i�`�Q�M�b �B�M

�i�?�2 �b�r���`�K ���M�/ �T���`�i�B�+�H�2�b�X ���H�H �`�2�b�m�H�i�b ���`�2 �T�`�2�b�2�M�i�2�/ ���b �� �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �`�2�/�m�+�2�/ �2�H�2�+�i�`�B�+

�}�2�H�/E /n 0�- �B�M �i�?�2 �`���M�;�2 �y�X�y�R �@ �R�y�y�y�y �h�/ �U�R�h�/ �4 �R �h�Q�r�M�b�2�M�/ �410�21 �o�K2�V�X �h�?�2

�i�2�K�T�2�`���i�m�`�2 �Q�7 �i�?�2 �#���+�F�;�`�Q�m�M�/ �;���b �Q�7 �h�>�6 �K�Q�H�2�+�m�H�2�b �B�b �}�t�2�/ ���i �k�N�j �E�X

�A�M �i�?�2 �H�Q�r �}�2�H�/ �`�2�;�B�K�2 �UE/n 0 < 1 �h�/�V�- �i�?�2 �2�H�2�+�i�`�Q�M �b�r���`�K �B�b �2�b�b�2�M�i�B���H�H�v �B�M �i�?�2�`�K���H

�2�[�m�B�H�B�#�`�B�m�K �r�B�i�? �#���+�F�;�`�Q�m�M�/ �h�>�6 �K�Q�H�2�+�m�H�2�b�X ���b �b�?�Q�r�M �B�M �6�B�;�m�`�2 �8�X�R�y �i�?�2 �K�2���M �2�M�2�`�;�v

�B�b ���T�T�`�Q�t�B�K���i�2�H�v �2�[�m���H �i�Q �i�?�2 �#���+�F�;�`�Q�m�M�/ �i�2�K�T�2�`���i�m�`�2 ���M�/ �i�?�2 �}�2�H�/ �B�b �� �T�2�`�i�m�`�#���i�B�Q�M �Q�M

�i�?�2 �b�r���`�K�ö�b �#�2�?���p�B�Q�m�`�X �A�M �i�?�B�b �`�2�;�B�K�2�- �i�?�2 �/�`�B�7�i �p�2�H�Q�+�B�i�v �U�b�2�2 �6�B�;�m�`�2 �8�X�R�R�V �B�b �2�b�b�2�M�i�B���H�H�v

�H�B�M�2���` �`�2�T�`�2�b�2�M�i�B�M�; ���M �2�b�b�2�M�i�B���H�H�v �+�Q�M�b�i���M�i �K�Q�#�B�H�B�i�v�X �G�B�F�2�r�B�b�2�- ���b �/�B�b�T�H���v�2�/ �B�M �6�B�;�m�`�2
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�6�B�;�m�`�2 ���X�d�, �a�Q�/�ö�b �b�?�Q�+�F �i�m�#�2 �b�Q�H�m�i�B�Q�M�b �7�Q�`�, �U�i�Q�T�V �� �R�b�i �Q�`�/�2�` �m�T�r�B�M�/ �b�T���i�B���H �/�B�b�+�`�2�i�B�b���@
�i�B�Q�M�- �U�#�Q�i�i�Q�K�V �� �6�*�h �b�Q�H�m�i�B�Q�M �r�?�2�`�2 �9�i�? �Q�`�/�2�` �+�2�M�i�`���H �/�B�z�2�`�2�M�+�2�b ���`�2 �H�B�K�B�i�2�/ �#�v �� �R�b�i
�Q�`�/�2�` �m�T�r�B�M�/ �b�+�?�2�K�2�X

�h�?�2 �`�2�b�m�H�i�b �Q�7 �6�B�;�m�`�2 ���X�d �B�M�/�B�+���i�2 �i�?�2 �H�Q�r �Q�`�/�2�` �K�2�i�?�Q�/ �T�`�Q�/�m�+�2�b �b�B�;�M�B�}�+���M�i

�b�K�2���`�B�M�; �Q�7 �i�?�2 �b�Q�H�m�i�B�Q�M �M�2���` �/�B�b�+�Q�M�i�B�M�m�B�i�B�2�b �Q�7 �i�?�2 �F�M�Q�r�M �b�Q�H�m�i�B�Q�M�X �A�M �+�Q�M�i�`���b�i�- �i�?�2

�6�*�h �K�2�i�?�Q�/�- �m�b�B�M�; �� �7�Q�m�`�i�? �Q�`�/�2�` �~�m�t ���T�T�`�Q�t�B�K���i�B�Q�M�- �B�b ���#�H�2 �i�Q �`�2�b�Q�H�p�2 �b�?���`�T �;�`���/�B�2�M�i�b

�r�B�i�? �;�`�2���i�2�` �b�m�+�+�2�b�b�X

�$���� �3�R�L�V�V�R�Q �H�T�X�D�W�L�R�Q �V�R�O�X�W�L�R�Q

�*�Q�M�b�B�/�2�`�B�M�; �� �i�?�`�2�2�@�T�Q�B�M�i �;�`�B�/ �+�2�M�i�2�`�2�/ �Q�Mx i �r�B�i�? �T�Q�B�M�i�b �i�Q �i�?�2 �H�2�7�i�-x i�1 �- ���M�/ �`�B�;�?�i�-

x i+1 �- �b�m�+�? �i�?���ix i�1 < x i < x i+1 �- �i�?�2 �p���`�B���#�H�v �b�B�x�2�/ �b�i�2�T�b �#�2�i�r�2�2�M ���/�D���+�2�M�i �;�`�B�/ �T�Q�B�M�i�b

�i�Q �i�?�2 �H�2�7�i ���M�/ �`�B�;�?�i ���`�2 �;�B�p�2�M �#�vhL = x i � x i�1 ���M�/hR = x i+1 � x i �`�2�b�T�2�+�i�B�p�2�H�v�X �6�Q�`
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�i�?�B�b �;�`�B�/�- �Q�M�2 �K�m�b�i �b�2�2�F �i�Q �+�Q�M�b�i�`�m�+�i �6�. �b�i�2�M�+�B�H�b�- �7�Q�` �i�?�2 �M�2�+�2�b�b���`�v �b�T���i�B���H �/�2�`�B�p���i�B�p�2�b�- ���b

�� �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 ���`�#�B�i�`���`�B�H�v �b�B�x�2�/ �b�T���i�B���H �b�i�2�T�b�X �l�b�B�M�; �i�?�2�b�2 �6�. �b�i�2�M�+�B�H�b�- �i�?�2 �+�Q�M�i�B�M�m�Q�m�b

�S�Q�B�b�b�Q�M �2�[�m���i�B�Q�M �7�Q�` �2�H�2�+�i�`�B�+ �T�Q�i�2�M�i�B���H �+���M �#�2 �/�B�b�+�`�2�i�B�x�2�/ ���M�/ �b�m�#�b�2�[�m�2�M�i�H�v �b�Q�H�p�2�/ ���b ��

�b�v�b�i�2�K �Q�7 �H�B�M�2���` �2�[�m���i�B�Q�M�b

d2V
dx2 = f (x) ;

+

�' ��V = f;

�r�?�2�`�2 �i�?�2 �/�B�z�2�`�2�M�+�2 �K���i�`�B�t�-�' �� �- �B�b �� �/�B�b�+�`�2�i�B�x�2�/ �b�2�+�Q�M�/ �/�2�`�B�p���i�B�p�2 �Q�T�2�`���i�Q�`�X
�l�b�B�M�; �i�?�2 �K�2�i�?�Q�/ �Q�7 �m�M�/�2�i�2�`�K�B�M�2�/ �+�Q�2�{�+�B�2�M�i�b ���M�/ �B�M�i�`�Q�/�m�+�B�M�; �h���v�H�Q�` �b�2�`�B�2�b �2�t�@

�T���M�b�B�Q�M�b�- �Q�M�2 �+���M �2�H�B�K�B�M���i�2 �x�2�`�Q�i�? ���M�/ �b�2�+�Q�M�/ �/�2�`�B�p���i�B�p�2�b �i�Q �Q�#�i���B�M ���M �2�t�T�`�2�b�b�B�Q�M �Q�7
���T�T�`�Q�t�B�K���i�2�H�v �b�2�+�Q�M�/ �Q�`�/�2�` ���+�+�m�`���+�v�-O (hL hR )�-

u00(x i ) �
2

hL (hL + hR )
u (x i �1 )�

�
2

hL (hL + hR )
+

2
hR (hL + hR )

�
u (x i )+

2
hR (hL + hR )

u (x i+1 )+O (hR � hL ) ;

�r�?�2�`�2 �i�?�2 �2�`�`�Q�` �i�2�`�K �B�bO (hR � hL ) = hR �h L
3 u000(x i )�X

�$���� �7�U�H�D�W�L�Q�J �]�H�U�R �G�H�Q�V�L�W�\ �U�H�J�L�R�Q�V

�q�?�2�M ���M �2�H�2�+�i�`�Q�M �B�Q�M�B�b���i�B�Q�M �7�`�Q�M�i �B�b �T�`�Q�T���;���i�B�M�; �B�M�i�Q �7�`�2�2�@�b�T���+�2�- �`�2�;�B�Q�M�b �Q�7 �p�2�`�v �b�K���H�H

�2�H�2�+�i�`�Q�M �/�2�M�b�B�i�v �r�B�H�H �#�2 ���T�T�`�Q���+�?�2�/ �#�v �i�?�2 �i�`���p�2�H�B�M�; �7�`�Q�M�i�X �h�?�2�b�2 �`�2�;�B�Q�M�b �Q�7 �b�T���+�2

�+���M �T�Q�b�2 ���M �B�b�b�m�2 �r�?�2�M �+�Q�K�T�m�i�B�M�; �B�M�i�2�M�b�B�p�2 �p���`�B���#�H�2�b �7�`�Q�K �2�t�i�2�M�b�B�p�2 �+�Q�K�T�m�i���i�B�Q�M���H

�p���`�B���#�H�2�b�X �� �T�`�B�K�2 �2�t���K�T�H�2 �Q�7 �i�?�B�b �B�b �i�?�2 �+�Q�K�T�m�i���i�B�Q�M �Q�7 �K�2���M �2�H�2�+�i�`�Q�M �2�M�2�`�;�v�- �m�b�2�/ �i�Q

�B�M�i�2�`�T�Q�H���i�2 �B�M�T�m�i �/���i�� ���i �2���+�? �i�B�K�2�@�b�i�2�T�-

h�i =
n�

n:

�h�Q �`�2�K�2�/�v �i�?�B�b �b�B�i�m���i�B�Q�M �r�?�2�M �+�Q�K�T�m�i�B�M�; ���M ���`�#�B�i�`���`�v �B�M�i�2�M�b�B�p�2 �p���`�B���#�H�2�-h i �- �7�`�Q�K

�i�?�2 �2�t�i�2�M�b�B�p�2�- �/�2�M�b�B�i�v �b�+���H�2�/ �[�m���M�i�B�i�v�-n = n h i �- �i�?�2 �7�Q�H�H�Q�r�B�M�; �`�2�;�m�H���`�B�b���i�B�Q�M �(�N�8�- �R�9�e�)

�r���b �m�b�2�/ �B�M �i�?�B�b �r�Q�`�F

h i =
n + � 0 ~ 

n + � 0
;

�r�?�2�`�2� 0 �B�b �� �b�K���H�H �M�m�K�#�2�` �+�?�Q�b�2�M �i�Q �/�2�M�Q�i�2 �i�?�2 �K�B�M�B�K�m�K �2�H�2�+�i�`�Q�M �/�2�M�b�B�i�v ���i �r�?�B�+�?

�i�Q �`�2�p�2�`�i �i�Q �i�?�2 �p���H�m�2~ �- �r�?�B�+�? �B�b �� �`�2�T�`�2�b�2�M�i���i�B�p�2 �p���H�m�2 �i�?���i �x�2�`�Q �/�2�M�b�B�i�v �`�2�;�B�Q�M�b

�K���v �`�2�p�2�`�i �i�Q�X �A�M �i�?�B�b �b�i�m�/�v�- �p���H�m�2�b �Q�7~ �r�2�`�2 ���b�b�B�;�M�2�/ �i�Q �#�2 �i�?�2 �b�i�2���/�v�@�b�i���i�2 �p���H�m�2�b

�2�p���H�m���i�2�/ ���i �i�?�2 �#���+�F�;�`�Q�m�M�/ �`�2�/�m�+�2�/ �}�2�H�/ �2�t�T�2�`�B�2�M�+�2�/ �B�M �i�?�2 �H�Q�r�@�/�2�M�b�B�i�v �`�2�;�B�Q�M�X

�$���� �6�F�D�O�L�Q�J �Y�D�U�L�D�E�O�H�V

�h�Q ���b�b�B�b�i �i�?�2 �+�Q�K�T�m�i���i�B�Q�M���H �B�K�T�H�2�K�2�M�i���i�B�Q�M �Q�7 �M�m�K�2�`�B�+���H �b�Q�H�m�i�B�Q�M�b �M�2�2�/�2�/ �7�Q�` �i�?�B�b

�r�Q�`�F�- ���H�H �p���`�B���#�H�2�b �r�2�`�2 �b�+���H�2�/ �#�v ���T�T�`�Q�T�`�B���i�2 �T�?�v�b�B�+���H �b�+���H�2�b�X �P�M�2 �#�2�M�2�}�i �Q�7 �b�+���H�B�M�;

�a�A �p���`�B���#�H�2�b�- �i�Q �Q�M�2�b �Q�7 �b�K���H�H�2�` �K���;�M�B�i�m�/�2�- �B�b �i�Q �`�2�/�m�+�2 �i�?�2 �Q�T�T�Q�`�i�m�M�B�i�v �7�Q�` �M�m�K�2�`�B�+���H
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�2�`�`�Q�`�b �i�Q �#�2 �B�M�i�`�Q�/�m�+�2�/ �/�m�2 �i�Q �i�?�2 �H�B�K�B�i���i�B�Q�M�b �Q�7 �/�Q�m�#�H�2 �T�`�2�+�B�b�B�Q�M ���`�B�i�?�K�2�i�B�+ �H�B�K�B�i���i�B�Q�M�b�X

�6�m�`�i�?�2�`�K�Q�`�2�- �B�i �B�b �#�2�M�2�}�+�B���H �i�Q �B�M�i�`�Q�/�m�+�2 �i�?�2 �#���+�F�;�`�Q�m�M�/ �M�2�m�i�`���H �T���`�i�B�+�H�2 �/�2�M�b�B�i�v�-n0�- �p�B��

�b�+���H�B�M�; �i�Q �7�Q�`�K �ó�`�2�/�m�+�2�/�ô �p�2�`�b�B�Q�M�b �Q�7 �p���`�B���#�H�2�b �i�?���i ���T�T�2���` �B�M �i�?�2 �b�v�b�i�2�K�b �Q�7 �2�[�m���i�B�Q�M�b�X

�_�2�/�m�+�2�/ �[�m���M�i�B�i�B�2�b ���`�2 �2�B�i�?�2�` �K�m�H�i�B�T�H�B�2�/ �#�vn0�- �2�X�;�X �`�2�/�m�+�2�/ �/�B�z�m�b�B�Q�M �+�Q�2�{�+�B�2�M�in0D�-

�Q�` �/�B�p�B�/�2�/ �#�vn0�- �2�X�;�X �`�2�/�m�+�2�/ �+�Q�H�H�B�b�B�Q�M �7�`�2�[�m�2�M�+�v� /n 0�- �B�M �Q�`�/�2�` �i�Q �Q�#�i���B�M �[�m���M�i�B�i�B�2�b

�M�Q�`�K���H�B�b�2�/ �#�v �i�?�2 �/�2�M�b�B�i�v �Q�7 �i�?�2 �b�v�b�i�2�K�X

���M ���`�#�B�i�`���`�v �b�+���i�i�2�`�B�M�; �K�2���M �7�`�2�2 �T���i�? �B�b �/�2�}�M�2�/ ���b �i�?�2 �H�2�M�;�i�? �b�+���H�2�X �6�Q�` �i�?�2 �K�2���M

�7�`�2�2 �T���i�?�- �b�+���i�i�2�`�B�M�; �B�b ���b�b�m�K�2�/ �B�M �� �M�2�m�i�`���H �;���b �Q�7 �/�2�M�b�B�i�vn0 �r�B�i�? �� �`�2�T�`�2�b�2�M�i���i�B�p�2

�b�+���i�i�2�`�B�M�; �+�`�Q�b�b �b�2�+�i�B�Q�M �Q�7� 0 = 1 �³
2
�X

~L =
1

� 0n0
;

z = ~L ~z:

�h�?�2 �2�H�2�+�i�`�Q�M �K���b�b �B�b �+�?�Q�b�2�M ���b �i�?�2 �K���b�b �b�+���H�2

~M = me;

m = ~M ~m:

���M �2�M�2�`�;�v �Q�71�2�o �B�b �b�B�K�T�H�v �+�?�Q�b�2�M ���b �i�?�2 �2�M�2�`�;�v �b�+���H�2

~e = qe;

� = ~e~�:

�� �i�B�K�2 �b�+���H�2 �+���M �#�2 �+�Q�K�T�m�i�2�/ �p�B�� �i�?�2 �+�?�Q�b�2�M �K���b�b�- �H�2�M�;�i�?�- ���M�/ �2�M�2�`�;�v �b�+���H�2�b

~T =
1

� 0n0

s
~M

2~e
;

t = ~T~t:

���T�T�2�M�/�B�t ���X �6�H�m�t�@�+�Q�`�`�2�+�i�2�/ �i�`���M�b�T�Q�`�i �K�2�i�?�Q�/�b �7�Q�` �?�v�T�2�`�#�Q�H�B�+ �S�.�1�b�R�3�N
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